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Abstract: Students’ understanding of spanning sets and vector spaces that they generate set has received no attention in the literature. We report on a preliminary study which is part of a larger project intended to study how students learn these concepts. In this paper APOS (Action-Process-Object-Schema) Theory is used to propose a genetic decomposition of how these concepts can be constructed. It is then applied to analyze the responses of three students who were taking a Linear Algebra course to a questionnaire. Results of the analysis show that students need a process construction of vector space and an object conception of variable to be able to construct the concepts of spanning set and generated space as processes. The student who showed a good understanding of these concepts demonstrated that he was aware that the spanning set is not unique, that the generated space is the set of all linear combinations of the vectors in the spanning set and was also able differentiate between spanning set, generated space and basis.
1. INTRODUCTION

The body of research on the teaching and learning of Linear Algebra has grown considerably in the last few years. Some concepts, such as vector space have been studied using different theoretical perspectives ([1], [2], [3], [4]); the same can be said about the concept of solution of systems of equations ([5], [6]). However, other concepts have not received much attention from researchers yet. 

In previous work developed by the authors ([7]) on the concept of basis it was shown that students faced many difficulties in the construction of this concept. Most students showed an action conception of basis, which means that the knowledge they used in the solution of problems after having taken a first course on Linear Algebra was very superficial and mainly based on memorized results and calculations that they performed without understanding. One aspect of the analysis of students’ work that consistently showed up was the fact that most of the obstacles to construct a more profound understanding of the concept of basis were related to the necessity of the construction of a process conception of spanning sets and vector spaces.
The purpose of our project is to focus on the concept of spanning sets that have received less attention from the research community; in particular we are interested in studying the construction of the notion of spanning set and its relation with the vector space concept. The work we report here is the preliminary study of this project. Our research questions can be stated as follows:
· What are the constructions involved in the development of the concept of spanning set?

· How do students interpret spanning set?

· How do students relate this concept to the vector space concept?

2. Theoretical Framework
In order to study in depth the nature of students’ understanding and to identify sources of difficulties in students with respect to the learning of the concept of spanning set, we designed an empirical research study based on APOS Theory (Action, Process, Object, Schema) ([8], [9], [10]).  According to APOS theory an individual’s mathematical knowledge and its development can be defined as:

 “An individual’s mathematical knowledge is her or his tendency to respond to perceived mathematical problem situations by reflecting on problems and their solutions in a social context and by constructing or reconstructing mathematical actions, processes and objects and organizing these in schemas to use in dealing with the situations” ([8]).
In this definition the main elements that enable a researcher to discern the way in which a student understands a mathematical concept, and that constitute the fundamental constructs of APOS theory are the mental structures called action, process, object and schema. 

We say that students have an action conception of a mathematical concept if they perform transformations on objects in the form of step by step calculations or if they rely on memorized facts. These transformations are perceived by the individual as being external.
After repeating actions on objects and reflecting upon these actions, students interiorize them into a process. Students who show a process conception are able to think about the transformations and describe them without a need to perform each step explicitly. 

When students reflect on the processes and are able to think of them as a whole, we say that they have encapsulated the process of applying a transformation into an object. This implies that they are able to apply actions on the newly constructed objects. Students who show an object conception of a concept are also able to de-encapsulate an object into the process from which it originated. 

Actions, processes, objects and other schema, and connections between them form what is called a schema in APOS theory. Therefore it can be said that a schema for a mathematical concept is a coherent collection of actions, processes, objects, and other schema that are related as a structure in an individual’s mind and that can be used in a problematic situation related to a particular mathematical topic or concept. The coherence of the schema refers to the ability of the individual to decide whether it is possible to work on a mathematical situation using that schema.

When using APOS theory it is necessary to develop an idealized and detailed description of the actions, processes, objects, schemas and their relationships occurring in the construction of a mathematical concept. This model is known as a genetic decomposition of the concept in question. The genetic decomposition can be tested empirically using students’ work. The results of the analysis of the data obtained from this source are used to refine the genetic decomposition so that it gives a better description of the way students learn that concept ([11]). The genetic decomposition can also be used as a guide in the design of teaching materials. It is important to clarify that several different genetic decompositions can exist for the same mathematical concept, what is important, however, is for any genetic decomposition to describe what is observed in students’ work ([1]).
Based on this conceptual framework the research reported in this paper followed these steps: First we developed a possible genetic decomposition for the concept of spanning sets, then we designed a research instrument to probe students’ constructions and to test our genetic decomposition. Finally, we analyzed student’s responses to the questions in the instrument to describe the constructions that students have made relative to the concept whose construction is being studied.  . Now we present the work involved in each of these steps in detail, commenting on the results that we obtained.
3. Preliminary Genetic Decomposition 

Our preliminary genetic decomposition is based on the researchers’ observations and their own experience with teaching the concepts of spanning set and generated space. It is worth mentioning that this genetic decomposition also includes the constructions we consider necessary for the students to differentiate the meaning of these two concepts.
3.1 Prerequisites

Previous schema necessary to start the construction of the notions of spanning set and spanned space are vector space, variable and solution set for a system of equations.

· Vector space concept is fundamental in the construction of several other Linear Algebra concepts, in particular those of spanning set and spanned set. We consider that students need to be able to recognize concrete vector spaces, such as spaces with dimension 1, 2 or 3 and with defined elements.  Students must also recognize that there are other sets that can be considered as vector spaces, for example, polynomials and matrices, and to be able to work with them. Previous work points out to the construction of the concept of vector space and difficulties that students can show with it ([12]).
· We consider that the solution set of a system of equations plays an important role in the interpretation of the meaning of spanning set and spanned space, so we consider that the students should demonstrate an object conception of this concept. According to Trigueros et al. ([7]), students demonstrate an object conception of this concept if they can represent in parametrical form the solution set of a given system or describe its geometric representation accurately.

· Variable is another concept we consider important to start the process of construction of the above mentioned concepts. We consider that students need to work with variables as mathematical objects and so they need to understand variables as unknowns, general numbers, or parameters, and variables in functional relationships, and move flexibly between all these representations ([13]).
1.2 Mental Constructions

Given a vector space V, a specific set S of vectors from V and a specific scalar field K, students need to perform actions on the vectors of S and the scalars. These actions consist of performing scalar products and sums in order to obtain a new vector of V. Coordination of these actions is interiorized into the process of construction of a new vector which is an element of the vector space, that is, into the process of construction of linear combinations. This process also implies that the student can verify if a given vector can be written as a linear combination of a given set of vectors. We consider this as a process conception of linear combinations.
Through actions or processes on a given set of vectors S, students can verify if there are scalars in K that can be used to express the elements of a new set of vectors T in the vector space V as a linear combination of S. This process is coordinated with the process of finding the solution set of the resulting system of equations taking into account the notion of variable. The result of this coordination is the process of finding a set of scalars. Through the action of forming the linear combination with these scalars and S, the student can verify that S generates T. This process is generalized to include different instantiations of S and T. This process is then encapsulated into an object that we may call spanning set.

The object conception implies that students are able to explain that a given vector space can be generated by different spanning sets, that these sets do not necessarily have the same number of elements, and that the number of elements is not the only determining factor if a set is a spanning set for a vector space. By reversing the last process students can construct the spanned set of vectors. They can also perform on it the actions needed to verify that this set T is a vector space or a subspace of a given vector space V. This process can be generalized to determine if V can be formed by all the possible linear combinations of the set of vectors T. This generalization process is encapsulated into a new object that can be called a generated set, or spanned set, by the given set of vectors. These constructions must enable students to differentiate the concepts of spanned space and spanning set. 
We are aware that the construction process can be started by the construction of the spanned (generated) set and followed by the construction of the spanning set. Experimental data would be needed to compare these different construction processes.
From this genetic decomposition we can identify the conditions that we would consider in determining the conceptions that students might display when solving problems related to the concepts of spanning set and spanned space.

We will consider that students have an Action conception of spanning set and spanned set if they show a process conception of linear combination, can use it to verify if there are elements of K that can be used to write a specific vector from V as a linear combination of the vectors of the set S. When verifying if the set spans the given vector space the student can do it only with specific vectors. 

If the student is able to generalize the previous actions and running through the elements of S in her/his mind considers that every vector of V can be expressed as a linear combination of the set S, we will say that this student displays a process conception of spanning sets. 
A student will display an object conception if she or he demonstrates that he or she can apply actions on the spanning set or the spanned set. This implies, among other things, that he or she considers that the spanning set is not unique, that different spanning sets do not need to have common elements, and that the number of elements of a set is not a valid criterion to determine if the set is or not a spanning set. It is also important that she or he considers the fact that the generated space is the result of all the possible linear combinations of the spanning set, and that these two concepts are different.
4. Methodology

In order to perform a preliminary test of the proposed genetic decomposition, a semi- structured interview was designed covering all the constructions predicted by the decomposition. The interview consisted of 7 questions. Except for the first question, each of them focused on specific mental constructions that students could have developed during their Linear Algebra course. All the questions of the interview were analyzed in terms of the expected constructions the students should make. We now present a brief a priori analysis of each question.
Question 1. Explain what you understand from the following terms or expressions: generating, generated, spanning set, generated space.
We asked this question to find out how the students explained these notions in their own words.  
Question 2. Let 
[image: image1.wmf](

)

(

)

(

)

{

}

1

,

1

,

2

,

2

,

1

,

1

,

3

,

2

,

1

-

=

S

. Does S span the vector space R3? Justify. 

Question 3. Do the following sets span the corresponding vector space? Justify.

a) The set S= 
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   and V=M2 (R)
b) The polynomials 
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Questions 2 and 3 have the purpose of determining students’ constructions through the actions or processes needed to determine if a set S spans the given vector space. Constructions needed are the processes of writing the appropriate linear combination and the corresponding system of equations, finding the solution set, and comparing with the given vector space to find out whether S spans V or not. In some cases the student can use the notions of dimension and linear independence to give an answer.
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Question 4. Which of the following sets of vectors do not span R2? Justifiy.

a. 
[image: image5.wmf]÷

÷

ø

ö

ç

ç

è

æ

-

÷

÷

ø

ö

ç

ç

è

æ

2

1

,

0

0


b. 
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c. 
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Apart from having the same purpose as the previous two questions, this question also intends to detect an object conception of spanning sets. This implies realizing that the number of elements of a set is not a determining factor by itself to decide whether it is a spanning set.
Question 5. Let 
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. Then every vector in H is a linear combination of 
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 a spanning set for H?  Justify.

To answer this question the student should have constructed the process of generating a vector space from a given set. What is of special importance is the relation of inclusion between the given set and the space generated by it.
Question 6. Let 
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 As opposed to asking if a given set spans a given vector space, this question asks to construct a spanning set, which corresponds to the process obtained by reversion explained in the proposed genetic decomposition. 
Question 7: Can you describe the space generated by the vectors (2, 3, 1, -5) and (0, 2, -1, 3) in R4? What values of p and q are needed so that the vector (2, p, 3, -q) is an element of this vector space? 

This question has the purpose of analyzing students’ ideas on what the generated space is and the coordination with the geometrical representation of this space. It also intends to verify if students have interiorized the actions necessary to determine when a vector is in the generated space, and the coordination of the related processes to those involved in the construction of the concepts of solution set and variable.
Three out of five students were selected by the teacher of a Linear Algebra course to be interviewed (we will call them E1, E2, E3). The selection was done so that three students with different performance levels during the course could be interviewed with the purpose of contrasting their constructions and difficulties.

The interviews were video recorded and the work of each student was kept as a source of data. The transcriptions of the interviews were analyzed by each of the researchers independently and results were negotiated until a final agreement was reached. The analysis focused on the identification of the mathematical elements that each student used when solving the problems and on how the students related different mathematical objects, always in terms of the proposed genetic decomposition. From this analysis it was possible to identify the constructions that each student displayed and his or her type of conception of the notions of interest. 

5. Results

In this section we discuss the results of the analysis based on the responses of students during the interviews. Some excerpts of students’ responses are included (E1, E2, E3 are students and I is the interviewer).
The first one of the three students that were interviewed (E3) can only perform actions on vectors, without these actions leading to a satisfactory solution of the given problems. For example as the following extract shows, he tries to check the spanning condition by using specific vectors that he chooses, but has no way of interpreting the situation globally. 

E3: I was looking at this, …mmm…I can’t find the way (he writes)
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, yes, these vectors span.
I: In this example that you gave how do you know that this set spans this space? 
E3: mmm… because it is the canonical basis.

I: and if you have another set that is not canonical how would you check it?

E3: (he writes)
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… I don’t know, I don’t remember.
He continues with linear independence although the question did not ask for this information, and he doesn’t have much success with it, either.

E3: Ah how I see whether it is linearly independent, em… taking an alpha for (1, 2,3) and a beta for (1,-1,2) and a gamma for (2, 1,3) and making it equal to zero (writes):
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I: Ok now what happens if when you solve it you get linearly independent, what would happen then? 
E3: Ah then it would be necessary to show that it spans for it to be a basis. 
I: And how would you do it?

E3: Ha, ha, I don’t remember what we need to do to see if it spans the space. 
The rest of the interview shows that E3 cannot work with vector spaces other than Rn and he gets confused.

The second interviewee E2 shows a process conception of spanning sets, and certain aspects of an object conception can also be observed, but he hasn’t encapsulated this process yet.

In questions 2 and 3 E2 shows that he can think about a general vector in the given vector space and can check whether it can be written as a linear combination in terms of the vectors of the given set. He sometimes uses the notion of dimension to complement his results. However E2 gets confused by question 4 (c). After trying some algebraic manipulations, he says:

E2: [A]s we have three elements obviously they cannot span R2, we would have to take out one of them in order to span R2… But I am not sure if with these three elements I can generate R2 any way. Because since this is a linear combination of that one (he means the vectors (2, 3) and (-2, -3)) I could write these two… but the thing is that these two are a linear combination, I would need to see if these two really generate or not (referring to (1, 2) and (2, 3)). But when they don’t ask me if the set is linearly independent, I don’t remember how to do it.  
He answers correctly all the other parts of question 4. Later during the interview, the following conversation takes place between the interviewer and E2:

I: Ok, now, in order to span R2 how many vectors do I need?
E2: I need at least 2.

I: At least? Can there be more?

E2: Obviously others can be linear combinations, but if I have two linearly independent and one linearly dependent, one can be written as a linear combination with one or two and it spans R2. Now I see it like that, but at that moment it didn’t occur to me.

Question 5 causes doubts in E2, but he ends up deciding for the correct answer:

E2: […] Here I have a doubt. Obviously it….I know that this will generate the elements here (he refers to H). But also, it will generate others that do not belong to this set H.

I: Like which ones?

E2: Like (1, 2, 0) or all those that are different. I see that they generate more than the set that is given to me. (writes)

V1 or the one generated by v1 and v2 is M,
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And H is a subset of M, but my question is if I span something bigger does that mean that at the same time I am spanning this? Right? 

I: What do you think?

E2: I think it generates it but I don’t know if there is a problem if it generates even more.

E2: …When I ask something to span, it is a generator of H. All the elements that I generate as a linear combination will have to be in H, otherwise it doesn’t span. 

The third student E1 shows an object conception of the concept of spanning set and can use the associated process whenever needed. The following extract from question 2 shows how he explains his conclusion after correctly showing that the set of vectors is linearly independent. 
E1: Since I had three vectors in R3 em, I wanted to see whether the vectors were linearly independent OK?, such that if the vectors were linearly independent they were going to span a space OK? But since they are three vectors in R3 the space that they generate, em, is R3  because they are linearly independent, that’s it.

I: Ok, now, if you hadn’t used linear independence, how would you solve this problem?

E1: This way looked shorter to me, because otherwise I was going to take any vector in R3, (a, b, c), right?, em, I was going to form linear combinations. …instead of the null vector it was going to be the vector (a,b,c) and then I was going to obtain a matrix, an augmented matrix, and I was going to get some conditions for a, b, c and for alpha, beta and it was going to be longer.
This extract clearly shows that E1 can think about running through the elements of the vector space R3 and the process of checking if each one can be written as a linear combination of the given set of vectors, by obtaining conditions on the scalars and each coordinate of the general vector. In question 3 (a) he explains why the given matrices do not span M2(R) as follows:  

E1: … well, in order to span the 2 x 2 square matrices we need to generate each one of…of their coefficients, OK? And for that we need at least four vectors if we want to generate all possible 2 x 2 matrices, OK? Here we have a set with only two vectors, that´s it.
As can be observed E1 implicitly uses the notion of dimension in order to discard which sets cannot span a given vector space. On part (b) of the same question, he has the following reflections:

E1: The polynomials, em, the same idea as in question 2, it looks to me. Having three vectors we want to see if they span a vector space of dimension 3. If we see that it’s linearly independent no vector will be a linear combination of the others.

I: You mean in a spanning set no vector can be a linear combination of others?

E1: Actually … yeah, it’s only a spanning set, it is not that strict as a basis. Because we can have a spanning set, I don’t know, R3 for example with 5 vectors but they only span, so it can be. But here in order to make sure that it spans actually there is another way to see that they span. One has the conditions of his space and he starts to mmm.. like, mince it, and you can get it. But here more than anything it is like when you see that they are linearly independent and they are three vectors, of a vector space of dimension three, one can even consider it a basis since it satisfies the conditions of a basis.  But that is how to make sure that it spans. 

From the above extract we can see that E1 can distinguish a basis from a spanning set and implicitly acknowledges that there can be more vectors in a spanning set than the dimension of the vector space that they span, and that this implies that the set will be linearly dependent.
In the following extract E1 is working on question 4 (c). As he knows that R2 can be spanned by two vectors, he wants to check whether (1,2) and (2,3) will do the job.
E1: (writes)
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I: What happened?

E1: Because…it was a lot simpler and I didn’t see it. I had,…, I have two vectors in R2  and, em, they are linearly independent and they generate a space and that space is R2.
Afterwards he concludes that the original set spans R2, as well.

In question 5 this student shows how clear for him the meaning of spanning set is:
E1: When we talk about a spanning set we are saying that its elements generate any vector of the space that we are spanning. But here the linear combination is necessarily with equal scalars. 

In question 6, E1 once again shows his object conception:

E1: (writes)
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I: Is there any other spanning set?

E1: Yes

I: Which one?

E1: For example if we divide all these in half; we can play with the scalars, that’s all.
6. Discussion

Although this exploratory study includes only interviews with three students we were able to obtain information about students’ constructions from what they had learnt about the concepts of spanning set and spanned set. It was possible from this data to describe both what students were able to do, and what they were not able to do using the proposed genetic decomposition.

From E3’s responses we can say that the concept of variable plays a key role in the understanding of the concepts studied. Understanding the processes involved in the solution of the system of equations needed to find out if a given vector can be written as a linear combination of a set of vectors requires a solid understanding of variable. This student did not know what to do when applying the algorithm to the vectors, when he arrived at an equality with components expressed in terms of variables.  Using the proposed genetic decomposition we can state that if students have not constructed an object conception of variable it would be very difficult for them to construct the above mentioned process. Students as E3 who show difficulties with the concept of variable may also have difficulties finding the solution set of a system of equations when the system involves an arbitrary vector.
Another difficulty that students like E3, who have an action conception of spanning sets and generated spaces, may have is considering that verifying if one of the vectors in a set can be written as a linear combination of the vectors of S, then those vectors may generate the given space.

A good understanding of spanning set and spanned set also requires from students to be able to recognize and be able to work with vector spaces different from Rn. As can be seen in the results obtained, students who have constructed the concept of vector space at a process level are able to better understand the meaning of a spanning set and to differentiate it from the concept of basis.
The concepts of spanning set, linear independence, basis and dimension are closely interrelated. As can be seen from the data, sometimes the students take the dimension of the set as an indicator of the possibility that a set spans a vector space. Also, there is a tendency to verify linear independence of the whole set of vectors to be able to conclude that the given set of vectors spans the vector space. Responses from E1 indicate that students with an object conception of spanning set and generated set distinguish clearly between those concepts and use the concept of dimension to determine if a set is a spanning set only when they are sure that this condition is sufficient and can justify it using solid arguments.
From the results of this study it can be said that it is not easy for students to differentiate between the spanning set and the generated space. In fact, the genetic decomposition predicts that this differentiation implies a complicated process where several coordinations have to be done. We can also say that this differentiation is difficult for those students who have not coordinated the processes involved in the construction of the spanning set with the process of determining if the set it generates is a vector space.

7. Conclusions

Preliminary results indicate, as we had supposed considering the results of our previous study ([7]), that students cannot easily differentiate between the concept of basis and the concept of spanning set, and that they also relate these concepts to the notion of dimension. We consider that working in this differentiation with students during the lessons is very important. The genetic decomposition we provide in this paper can be useful in designing activities to work in this direction.

For students to succeed in the construction of an object conception of the concepts of spanning set and spanned vector space, learning by heart definitions and theorems, is not of much help. They need to construct a deep understanding of their meaning as well. Favoring work with definitions and theorems, as well as work with the notion of variable and different types of vector spaces can help students in the construction of these important concepts.  
The results obtained in this study give us a good idea about students’ interpretation of spanning set and generated space. Of course, more research is needed to verify that this is the case with a larger sample of students, and we are working in this direction. We also can see that the relationship between vector space and spanning set is fundamental in the construction of this concept. Although more research is needed, the results obtained in this first exploration indicate that the constructions described by the genetic decomposition are a good model to predict constructions involved in the development of the concept of spanning set.
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