Nonzero patterns for nonsingular sign regular matrices*
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Abstract. Depending on the signature of nonsingular sign regular matrices, many nonzero
entries can be guaranteed. These patterns for their nonzero entries are analyzed.
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1. Introduction

An n x n matrix is called sign regular of order r < n if for each k < r all its k X k minors
have the same sign or are zero. If r = n, the matrix is called sign reqular. The common sign
e, may differ for different k, and the sequence (e1,...,&,) is the signature of the matrix.
These matrices appear in many fields due to their variation diminishing property: see, for
instance, [1], [2] (for statistical applications), [6] and [7] (for applications to computer aided
geometric design). Recent results and algorithms for sign regular matrices can be found
in [3-5]. A very important subclass of the sign regular matrices is formed by the totally
nonnegative matrices. A matrix is totally nonnegative if all its minors are nonnegative.

It is well known (see, for instance, Corollary 3.8 of [1]) that the principal minors
of nonsingular totally nonnegative are nonzero. In particular, their diagonal entries are
nonzero. In [8] it was shown that, for other nonsingular sign regular matrices, we can
also guarantee that special entries are nonzero, depending on the signature of the matrix.
This brief paper continues this analysis, finding many more signatures of nonsingular sign
regular matrices with special patterns for nonzero entries. In addition, it clarifies some
aspects of [8].
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2. Main results

Let us start by introducing some basic notations. Given k,n € Z, 1 < k < n, Qrn
will denote the set of all increasing sequences of k£ natural numbers less than or equal
ton. If & € Qg pn, the complement o' € Q,,_k,, is the increasingly rearranged sequence
{1,2,...,n} \ . Let A be a real m x n matrix. For k < m, [ <n, and for any o € Qp,m
and B € Q., we denote by A[a|f] the k x [ submatrix of A containing rows numbered
by a and columns numbered by (3. The principal submatrices will be written in the
form Ala] := A[aja]. A matrix is called nonnegative (nonpositive) if it has nonnegative
(nonpositive) entries.

For an n x n matrix C with C[y] invertible, the Schur complement of C[y] in C,
denoted by C/C[v], is defined as

C/CH] =Cl]-CHM(CH)'ChIY]

Then det C
e
= (1
det(C/C[])
For nonsingular matrices A, Gaussian elimination consists of a succession of n — 1 steps
resulting in a sequence of matrices as follows:

det C[y]

A=AD 5 4@ ... 40—,

where U is an upper triangular matrix. At the end of step t — 1, the matrix A® =

(ag-))lgingn will have been constructed, having zeros its main diagonal in its ¢ — 1 first

columns. To obtain A+ from A® we produce zeros in column ¢ below the pivot element
(t)

a;;’ by subtracting multiples of row ¢ from the rows beneath it. Since we have assumed
that A is nonsingular, it is well-known (use (1)) that, if no row exchanges are needed, one
has, for i > t, j > t,

det A[1,2,...,t—1,i[1,2,...,t —1,]]
det A[1,2,...,t — 1] '

) =

(2)

Finally, given a positive real number r, we denote by |r| the greatest integer less than or
equal to r.

Remark 1. Let A be a nonsingular sign regular matrix with signature (£1, . ..,&,) and let
P := (0p—it+1,j)1<i j<n be the backward identity matrix of order n, obtained by reversing
the order of the rows of the identity matrix I of orden n. Clearly P is a nonsingular sign
regular matrix with signature e = (—1)L§J for all k = 1,...,n. By Theorem 3.1 of [1],
PA is a nonsingular sign regular matrix with signature (g1, —€2,...,(—1)l3le,). So, PAP
is also a nonsingular sign-regular matrix with the same signature of A.

Suppose that the signature sequence € = (e1,...,&,) of an n X n nonsingular sign
regular matrix A satisfies one of the following four cases:

(a) gi=4+1 Yi=1,...,n,



) Vi=1,...,n,
(¢) i = (-1l vi=1,...n,
(d) g = (Dl wvi=1,... n.

These cases (a), (b), (c) and (d) appear when A, —A, PA or —PA, respectively, is
totally nonnegative. In these cases we can only guarantee that the n x n nonsingular sign
regular matrix has n nonzero entries. In fact, the maximal number of zero entries can
be achieved, as shown by the matrices I (the identity matrix of order n), —I, P or —P,
respectively. Depending on the signature €, we can guarantee more nonzero entries, as the
following results show. We start by the following auxiliary result contained in Theorem
2.1 of [8], which holds for any nonsingular sign regular matrix of order 3.

(b) & = (-1

SN

z
2
z
2

Lemma 2. Let A = (aj)1<ij<n be a nonsingular sign regular matrix of order 3 with
signature € = (€1,€2,€3).
(i) If 1 = €3 and €5 = —1, then a;; # 0 whenever (i,7) ¢ {(1,1), (n,n)
(ii) If ey # €3 and €5 = +1, then a;; # 0 whenever (i,7) ¢ {(1,n), (n,1)
(iii) If €1 # €3 and €9 = —1, then an_j4+1, #0 foralli=1,...,n.
(iv) If e1 = e3 and €2 = +1, then a;; # 0 for alli =1,...,n.

S

Observe that the comment of the first paragraph of page 95 of [8] corresponds to the
signatures (a)—(d) presented above instead of the signatures (2.2)—(2.5) of [8]. The same
confusion happened in Theorem 2.2 of [8]. In fact, the following result has the same proof
as that of Theorem 2.2 of [8], and we include it for the sake of completeness and clarity.
The cases (2.8) and (2.9) of the mentioned Theorem 2.2 of [8] correspond now to the cases
(i) and (ii) of Theorem 4, which need a new proof.

Theorem 3. Let A = (ai;j)1<i j<n be a nonsingular sign regular matrix with signature
e = (e1,...,en) such that (a) — (d) do not hold. Then there exists a positive integer k
with 2 < k < n such that one of the following possibilities holds:

(i) e=+4+1 Vi<k, e=-1,
(i) e = (-1 Vi<k, ep=(-1)F1
(i) &= (=12 Vi<k, g =(-1)lsl+]
(iv) & = (=Dt Vi<k, g = (=1)lzl+k+1
If either (i) or (ii) holds, then a;; # 0 whenever |i — j| < n — k + 2. If either (iii) or (iv)
holds, then a;j # 0 whenever k < |i + j| < 2n —k + 2.

3]
3]

—1
—1

Proof. The existence of k is obvious. Let us assume that (i) holds and let us prove
the result by induction on k > 3. The case k = 3 follows from Lemma 2 (ii) of [8]. Let us
assume that the result holds for k£ — 1 and let us prove it for k£ > 3.

By Theorem 2.1 (iv) of [8], a;; > 0, and so we can perform a step of Gaussian
elimination to produce zeros in the first column of A below a;; and obtaining the matrix
A = (agi))lgi,jgn- By the formula (2), A®)[2,...,n]is an (n — 1) x (n — 1) nonsingular
sign regular matrix with signature € = (&3, ..., &, ) such that (i) holds replacing k by k£ — 1.
Applying the induction hypothesis to A®)[2,...,n], we deduce that ag) # 0 for all 4,5 > 2
such that |i —j| <n —1—(k—1)+2=mn—k -+ 2. Since the matrix A is nonnegative
and we obtain A from A®) by adding to each row a nonnegative multiple of the first row,
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the mentioned nonzero entries of A?) are also nonzero entries of A. Since PAP is also a
nonsingular sign regular matrix with signature e = (e1,...,&,) such that (i) holds we get
that entries (i,j) of PAP are nonzero for all 4,5 > 2 such that |i —j| <n—k+2. In
conclusion, a;; # 0 whenever |i — j| <n —k + 2.

If we assume that A is nonsingular sign regular matrix with signature e = (1,...,¢,)
such that (ii) ((iii) or (iv)) holds, then —A (PA or —PA, respectively) is a nonsingular sign
regular matrix with signature € = (1,...,&,) such that (i) holds and the result follows. m

The following result presents new nonzero patterns that can appear on a nonsingular
sign regular matrix depending on the signature ¢.

Theorem 4. Let A = (ai;j)1<i j<n be a nonsingular sign regular matrix with signature
e = (€1,...,&n). Let k be a positive integer with 2 < k < n and such that such that one
of the following possibilities holds:

(i) e=+1, e=-1 Vie{2,....k—1}, e =41,

(i) e1=-1, g= (1" Vie{2,....k—1}, ep= (=1,
(iii) e =41, =Dt vie{2 .. k—1}, e =(-1)l2
(iv) e1=-1, g=CDEHH vie {2 . k-1}, e=(-1 )L J+k,

If either (i) or (ii) holds and k = 4, then a,,_;+1,; # 0 foralli =1, ... ,n. Ifeither (iii) or (iv)
holds and k = 4, then a;; # 0 for alli = 1,...,n. If either (i) or (ii) holds and k # 4, then
a;j # 0 whenever (i,j) ¢ {(r,s)|s >n—r+1 and r,s>n—k+2}forj>n—i+1,or
(1,7) ¢ {(r,s)|s<n—r+1 and 71, s<k—1} forj<mn—i+1. Ifeither (iii) or (iv) holds
and k # 4, then a;; # 0 whenever (i,j) ¢ {(r,s)|s>r and r<k—1,s>n—k+2}
for j >1,or (i,j) ¢ {(r,s)|s<r and r>n—k+2 s<k—1} forj <.

Proof. Let us assume that (i) holds and let us prove the result by induction on
k > 3. The case k = 3 follows from Lemma 2 (i). Now, let us suppose that £ > 3 and
a;; = 0 for some 4,j. Since A is nonsingular, we could find ¢ # ¢ such that a;; # 0. If
t < i then a;y, = 0 for all m > j because otherwise det A[¢,i|j, m] = at;jaim > 0, which
is a contradiction. Again by the nonsingularity of A, a;;, # 0 for some h < j. Then
akm = 0 for all k > i, m > j because otherwise det A[i, k|h, m| = a;parm, > 0, which is a
contradiction and we have proved that ay,, = 0 for all £ > ¢ and for all m > j. Since A is
nonsingular 7 > n — ¢ + 1. Analogously, it can be proved that, if ¢ > i, then ay,, = 0 for
all £ <14, m < j and, since A is nonsingular, j < n—¢+ 1. As a consequence, a,,—;t+1,; # 0
for all i =1,...,n. So, the result holds for (i) with k = 4.

Now, let us assume that (i) holds and £ > 4. We also suppose that a;; = 0 for
j>n—1i+1and 5 <n—k+ 2. Then, by the previous reasoning, a,s = 0 Vr > 1, s > j.
Let us now assume that k is odd (resp., k is even). Since A is nonsingular, there exist
a,f € Qr_1,n, With a_1 < i and fy =n —k+2 (resp., o, 8 € Qi—3,n, With a_3 < ¢ and
B1 =n — k +4) such that det A[«|f] # 0. Now, we consider the submatrix Afa,n|1, 3] of
A which has a,; # 0 and ang, =0 foralli=1,...,k—1 (resp., foralli =1,...,k — 3).
By expanding det A[c, n|1, 5] on its last row, we have

det Ala, n|1, 5] = an1 det Ala| ). (3)



By (3) and (i), the minors of order k (resp., order k — 2) of the sign regular matrix A
have sign e, = 1651 = —1 (resp., ex_2 # €16x_3 = —1, so that e;_o = +1) which is a
contradiction with e = +1 (resp. ex_o = —1) defined in (i).

Now we suppose that a;; = 0 for j > n—¢+ 1 and i« < n —k+ 2. Then, by the
reasoning of the first paragraph of the proof, a,s = 0 for all » > 4, s > j. Let us assume
again that k odd (resp., even. Since A is nonsingular, there exist a,8 € Q_1,, with
a; =n—k+2and By_1 <j (resp., o, f € Qk—3,, with a1 =n—k+4 and B;_1 < j) such
that det Alo|5] # 0. Now, we consider the submatrix A[l, a|3,n] of A which has a1, # 0
and aq,, =0Vi=1,...,k—1 (resp., Vi =1,...,k — 3). By expanding det A[1, «|3,n] on
its last column, we have

det A[1, a|B,n] = a1, det A[a|5]. (4)

By (4) and (i), the minors of order k (resp., order k — 2) of the sign regular matrix A
have sign e, = e16_1 = —1 (resp., ex_2 # €16k_3 = —1, so that e,_o = +1) which is a
contradiction with e, = +1 (resp., ex—2 = —1) defined in (i). Therefore, we have proved

that if a;; = 0 with j > n—i+7, then (,5) € {(r,s)[r >n—s+1 and r,s >n—k+2}.

Analogously, we can prove that if a;; = 0 with j <n — i+ 1, then (i,7) € {(r,5)|s <
n—r+1 and rs < k— 1}. For this purpose, we replace A by the nonsingular sign
regular matrix PAP, which has the same signature of A by Remark 1.

Finally, if we suppose that A is a sign regular matrix with signature (e1,...,e,)
such that (ii) ((iii) or (iv), respectively) holds, then —A (PA or —PA, respectively) is
a nonsingular sign regular matrix with signature (e1,...,¢,) such that (i) holds and the

result follows. m
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