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Abstract

Given the set of vertical pairs of matrices M C My, n(C) keeping the subspace
C? x {0} ¢ C" invariant, we obtain the implicit form of a miniversal deformation
of a pair belonging to an open dense subset of M. We compute this deformation
explicitly when the pair is observable and the subspace Céx {0} is marked. Moreover,
we obtain the dimension of the orbit, characterize the structurally stable vertical
pairs and study the effect of each deformation parameter.
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1 Introduction

This paper completes the study of versal deformations when square matrices or pairs
of matrices are considered, together with invariant subspaces. Versal deformations were
introduced by Arnold in [1] (see also [2]) to study the variations of the invariants of a
square matrix when its entries are perturbed. Thanks to a natural generalization contained
in [24], the same technique has been applied to other cases, such as perturbations of pairs
of matrices representing linear systems ([12], [13]).

Invariant subspaces play a key role both in square matrices (see [18]) and linear systems
(see [25]), where they are often called ” conditioned” invariant subspaces. The differentiable
structure of the set of invariant subspaces of a square matrix has been studied in [23] and
that of conditioned invariant subspaces of a pair in [16] and [17]. In the context of versal
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deformations, invariant subspaces arise in a natural way. For instance, in the Carlson
problem (that is, the possible Segre characteristic of a block-triangular nilpotent matrix
when diagonal blocks are prescribed), one asks for perturbations of the given matrix
preserving a prefixed invariant subspace. Also, in the miniversal deformation of a pair of
matrices in [12], the initial controllability subspace is preserved as invariant subspace of
the perturbed pairs.

Moreover, in [18] the "interesting class” of the so-called marked subspaces, namely, the
invariant subspaces having a Jordan basis which can be extended to a Jordan basis of the
whole space, is introduced. For instance, in [6] one proves that the ”simplest” solutions of
the Carlson problem are marked, and any other appears in a neighborhood of the marked
ones. This notion was extended to pairs of matrices in [5] and used in [7] for the analogue
to the Carlson problem: again the marked solutions cover all the possibilities and are the
simplest realizations.

It seems natural to consider the situation when both a matrix and an invariant subspace
are involved and both or one of the elements of this couple is perturbed. So, in [10]
one describes a versal deformation of a couple composed of an endomorphism and an
invariant subspace when both are perturbed. More explicit constructions are possible
when only one of the elements is perturbed. Thus, in [15] one obtains the equations of a
versal deformation of an invariant subspace with regard to a fixed endomorphism, which
are explicitly solved in [8] for marked subspaces. On the other hand, in [9] one studies
the perturbation of a matrix preserving an invariant subspace, again mainly when it is
marked. In particular, as we have pointed out, this perturbation gives all the solutions of
the Carlson problem, and hence explicit realizations can be obtained (see [7]).

Analogously, one can consider the couple formed by a linear system and a conditioned
invariant subspace, in particular a marked one. The versal deformation of this subspace
(with regard to a fixed pair of matrices) is studied in [11] and [21] whereas here we complete
the cycle, tackling the perturbation of the linear system preserving a given conditioned
invariant subspace. We have already mentioned that this situation appears in [12]. Again
we focus our attention on the marked case, which as above, has interesting properties; for
instance ”"minimal” observable perturbations of a non-observable pair are marked.

We obtain the equations of a miniversal deformation of a pair preserving a given con-
ditioned invariant subspace and solve them explicitly for two particular cases, obtaining
“minimal” solutions (that is, without repeated parameters). Firstly, when the preserved
conditioned invariant subspace is a supplementary of the unobservable one. Then one
obtains just the versal deformation of a pair in [12] which, in this sense, is generalized
here. In particular, this family contains marked observable perturbations of the initial
pair. In fact, as we have pointed out, some of the ”simplest” ones in order to the initial
pair becomes observable. They are just the second particular case which we solve explic-
itly (when the initial pair is nilpotent). Moreover, we remark a nice geometric fact: the
minimal miniversal deformation of each one of these second cases, is a subfamily of that
obtained for the initial pair; in other words, the miniversal deformation of each perturbed
pair is contained in that of the initial pair.



Some applications are derived: computation of the dimension of the orbits, characteriza-
tion of structurally stable objects, study of bifurcations diagrams... In addition, the orbits
and the versal deformations here obtained are compared with those in [12], where the or-
dinary block similarity is considered: for a nilpotent BK-matrix, the results are the same
for both equivalence relations; for observable marked pairs of matrices, the miniversal
deformation in [12] is a strict subfamily of that here.

More specifically, we consider the set M C My, n(C) of pairs of matrices having Cd(z
C? x {0} c C") as a conditioned invariant subspace (2.2). Two pairs of matrices will
be called equivalent if they are block-similar and the change of basis in the state space
CY induces an automorphism in C* (2.5). Our aim is to study these equivalence classes
and their variations when the pair preserving C? as conditioned invariant subspace is
perturbed, mainly when the subspace is marked (2.4).

If we fix a basis adapted to C* ¢ C¥ ¢ CN™™ in (3.2) we prove that the elements of M
are those of the form

A Aj
a=| FCy AQ
Cy Cy

Then M can be differentially stratified by rank C'; (3.4) and the above equivalence classes
are the orbits under the action on it of a suitable group (3.6). This is the starting point
to apply Arnold’s techniques.

We restrict ourselves to the maximal stratum M*, which is an open dense set in M (4.1).
Then the equations of a miniversal deformation are obtained in (4.2). We solve them
explicitly when a € M* is a BK-matrix (4.3) or it is marked and observable (5.6), in
which case a quite simple canonical form is available (5.1). As an application we compute
the dimension of the orbits (6.1) and characterize the structurally stable pairs (6.3).

Moreover, a simpler miniversal deformation having a nicer pattern is derived (5.8). In
particular, it facilitates the study of the effect of each deformation parameter (section
(6.3)). In addition, this simplified pattern allows us to compare the versal deformation
obtained here with the one when block similarity is considered (section (6.4)).

The organization of this paper is as follows. In section (2), we summarize some pre-
requisites concerning conditioned invariant subspaces, marked subspaces... Section (3) is
devoted to the study of the differentiable structure of M as a stratified manifold. In sec-
tion (4), we obtain the equations of a miniversal deformation of a pair a € M*, which
are solved in section (5) when a € M* is observable and marked, also obtaining a sec-
ond miniversal deformation without repeated parameters. Finally, in section (6) some
applications are derived.

We use the following notation. We write M, ,(C) the set of complex matrices having p
rows and ¢ columns. We denote by || A|| the usual norm of the matrix A and consider
the usual hermitian product < A, B >= trace(AB*), where B* means the conjugate-
transpose matrix of B. We denote by B the transpose matrix of B. If p = ¢, we simply



write M,(C), and GI(p) will be the group of non-singular matrices in it.

2 Prerequisites

We will deal with matrices of the form , or equivalently pairs of matrices (C, A) €

M, n(C) x My(C), which will be simply denoted as a if no confusion is possible. Such
pairs can be reduced to the following form:

Theorem 2.1 [14] Given (C,A) € M, n(C) x My(C), there exist integers ky > ko >

- >k, >0, kg +---+ k. = N called Brunovsky Kronecker indices (or simply BK-
indices) and a convenient basis called BK-basis in which the matriz of the pair, hereafter
called BK-canonical form, s

N O
0J
Gpg = | — | »
EO0

00

where
(i) N = diag(Ny,...,N,), with N; € M, (C), 1<1i<r, alower nilpotent block,
(i) E = diag(Ey,...,E,), with Ei— (0 0 1) € Myn(C), 1<i<r
(111) J is a Jordan matriz.

The block J does not appear if (C, A) is observable or, equivalently, if (A*, C") is control-
lable.

Let us consider a subspace S C CV, dim S = d, and bases adapted to it, that is to say,
whose d first vectors form a basis of S. Then we will assume that the matrices A and C'
are block-partitioned into

Ap A
Ay Ay

where Al € Md((C), 01 € Mn,d<(c)

Definition 2.2 [18] A subspace S C CV is (C, A)-invariant or conditioned invariant if
A(SNKerC) C S. Equivalently (see 1.8.5 [4]), if there is a basis adapted to S such that



the pair becomes

_ Al AS
A
_ - 0 A2 5
C
Cy Cy

with Ay € My(C),Cy € M, 4(C),d = dim S. Then we identify S = C* x {0}, and one says
that (C4, Ay) is the restriction to S of the given pair (C, A).

Remark 2.3 In [20] and [22] an intrinsic geometric definition of the restriction of a pair
to a conditioned invariant subspace is presented. One can also consider the "quotient map”
defined in {0} x CN™% and prove (see [4]) that it is an endomorphism (having matriz A, )
if and only if Cy = 0.

Generalizing the concept of a marked subspace with regard to an endomorphism, we say
that a (C, A)-invariant subspace is marked if there is some BK-basis of the restriction
which can be extended to a BK-basis of (C, A):

Definition 2.4 [5] Let S ¢ CV be a (C, A)-invariant subspace. S is said to be (C, A)-
marked if there exists an adapted basis to S in which the matriz of the pair (C, A) has the
form

Ay Ay

Ay | o 4

ol ool
0 C,

and

(i) (C_’i,fll) is a BK-matriz.
(ii) (C,A) is a BK-matriz, except for permutations, that is, there erists a permutation
matriz P € My(C) such that (CP, P'AP) is a BK-matriz.

Then we say that (C, A) is a marked matrix (with regard to S).

When conditioned invariant subspaces are involved, the usual block similarity between
pairs of matrices is restricted in a natural way:

Definition 2.5 [21] Given two pairs of matrices (C,A),(C",A") € M, y(C) x My(C)
having S = C* x {0} c CV as a conditioned invariant subspace, we say that they are
S-equivalent (or simply equivalent if no confusion is possible) if

(i) The pairs are block-similar, that is, A’ = PAP~' + RCP™', C' = QCP™!,
where P € GI(N), Q € Gl(n), R € My,(C).
(i) The change of basis P keeps S invariant.



More explicitly,

, P Pg R Al A3 -1
A P P
, = 0 P2 Rg 0 A2 =
C 0 P
000]\ca

PiA Pt + RICi Pyt —(Py A + PsFCy + R CY) Py PyPy ! 4 (P Ag 4 PsAy + R1Co) Py !
- RQClel —(PgFCl —+ Rgcl)PfngP{l + (P2A2 + RQCQ)P{l
QC, Pt —QC, P PPyt + QO, Pyt
Conversely, bearing in mind that

/ I

1o/ o Ay A, A
(10

07-R.Q71 || 4, 4 =lo.|,
! ! OI !

0oo| I c, C, c -

we have:

Proposition 2.6 If S = C? x {0} is a (C, A)-invariant subspace and (C', A') is obtained
from (C, A) as above, then S is also (C", A')-invariant and both restrictions, i.e. (Cy, A})
and (Cy, Ay), are block-similar. In particular, rank C} = rank C.

Our aim is to study the equivalence classes in (2.5) and the variation of their equivalence
invariants (for example, the block similarity invariants of the pair (C, A) or those of its
restriction (C, A;)) when the pair (C, A) is perturbed in such a way that S = C? x {0} C
CY is preserved as a conditioned invariant subspace, and mainly when it is marked.

We will use Arnold’s techniques of the so-called versal deformations (that is, canonical
forms of local differentiable families of perturbations). The starting point is the fact that
the corresponding equivalence classes are orbits under the action of a Lie group, and
hence they are submanifolds. Then versal/miniversal deformations can be obtained as
submanifolds which are transverse/minitransverse to the orbit.

Definition 2.7 Let M be a manifold. A deformation of a € M is a differentiable map
p: A — M,

where A is a neighborhood of the origin in C' and p(0) = a. The image @(A) is said to be
a family of deformations of a € M.

If there is a Lie group G acting on the differentiable manifold M,

GxM—M

(p,a) — pxa,



a deformation is called “versal” if any other deformation is induced from it in the following
sense:

Definition 2.8 Let M be a manifold and G a Lie group acting on it. A deformation of
ae M, p: N — M is called versal if, given any other deformation ofa € M, ¢ : ' —
M, there is a neighborhood of the origin 1" C T', a differentiable map p : T' — A and a
deformation of the identity I € G, 6 : I — G such that

() = 6(7) *p(p(r)) V7 € T".

It is called miniversal if it has the minimal dimension among the versal deformations.

Remark 2.9 [t is enough to compute a miniversal deformation of a point of the orbit;
then, a miniwversal deformation of any other point of the same orbit is induced from it by
means of the group action.

As in the Arnold case, the “closed orbit lemma ” ([24], p. 37) will ensure that the equiv-
alence classes (in fact, the orbits) are differentiable manifolds.

Proposition 2.10 IfG is an algebraic group, for alla € M, the orbit O, = {p*a :p € G}
under the action of G is a submanifold of M locally closed, where the boundary is the union
of orbits of strictly smaller dimension.

Y

We now recall the key relation between “versality ” and “transversality ”.

Definition 2.11 Let N' C M be a submanifold of the manifold M and ¢ : A — M be
a differentiable map. For 0 € A, ¢ is said to be transverse to N in 0 if ¢(0) € N and the
tangent space to M at the point ¢(0) verifies

Tw(O)M = Imdpy + Tw(o)/\/.

w(or L) is said to be minitransverse if the sum is a direct sum.

As pointed out above, the key point is the following proposition, proved in [1] for square
matrices, and which can be generalized (for example [24]) to the cases like the above one,
where the equivalence classes are submanifolds given as orbits under the action of a Lie

group.

Proposition 2.12 A deformation ¢ : A — M of a € M is versal/miniversal if and
only if it is transverse/minitransverse to the orbit O, at the origin 0 € A.

Corollary 2.13 In the conditions of 2.8, if y: T' — M, I' C C?, is a local parameter-

ization of M with y(a) = a, and {e1,...,e;} is a basis of a supplementary subspace of

T:(v1(0,)) in C%, then a miniversal deformation of a € M is ¢ : A — M defined by
gO()\l, S )\l) = ’}/(EL + )\161 + -+ )\lel),

where A is small enough to assure o(A) C I



Moreover, the codimension of O, is l.

3 Pairs of matrices having a (C, A)-invariant fixed subspace

In this section, we characterize the elements of the set M formed by the pairs of matrices
having the subspace C? x {0} € CV as a conditioned invariant. Moreover, we see that it
is a stratified manifold and finally we describe a Lie group that acts on M in such a way
that the orbits are just the equivalence classes in (2.5).

Definition 3.1 Let
M ={(C,A) € My;n(C) x My(C): A(SNKerC)C S, S=C%x{0}cC"},

Ay Ay
M, = { Ay Ay | € M irank Oy = r}, M = Up<rars My, where r* = min(d, n).
Cy Cy

Now we characterize the pairs in M.

Proposition 3.2 A pair (C,A) € Mnn(C) x Myn(C) belongs to M if and only if its
d-block-partitioned form can be written, for some F € My_q,(C), as

A As

A
= FCl AQ
C ——
C, Gy

Proof.

If a € M, from definition 2.2 it holds that

A((C* x {0}) NKerC) € C* x {0}. (%)

x
The elements of (C%x {0})NKer C have the form with Cyz = 0. Thus, (%) is verified
0

if and only if Cix = 0 implies A4z = 0, that is, Ker C; C Ker A4. But this last condition
is equivalent to Im A% C Im C%; or, equivalently, A} = C1F" for some F' € My_4,(C). =

In order to study the differentiable structure of M, let us consider the set
N = {(DG,D) D e Mdyn((C),G € Mnyl(C)}.

In general, it is not a manifold. For example, {(zy,z) : x € R,y € R} = {(0,0)} U{(z,z) :
x # 0,z € R}. Let us see that we can stratify N by means of rank D:



Proposition 3.3 The set
N, ={(DG,D): D e My, (C),G € M,;(C),rank D = r}

is a manifold of dimension r(l+mn+d—r).
Proof.

If Dy € My, (C) with rank Dy = r, there exists an open set containing Dy, Up, C M, (C),
where M}, (C) denotes the set of matrices of Mg, (C) with rankr which from [3] is a
manifold of dimension dn — (d — r)(n — r). Take 1 < iy < iy < --- <4, < d such that
the rows d;, = (di;1,di; 2, ,di;n) j =1,2,...,7 of D determine a basis D of Im D* for
D € Up, (shrinking it if necessary).

Let IT : C* — Im D' be the orthogonal projection onto Im D! = (ker D)*+. If we denote
by ¢" the i column of the matrix G, Kp = (d ,...,d! ) € M,,(C) and J € M,;(C) is the
matrix where the 7 column is formed by the components of TI(g%) in the basis D of Im D?,

it is obvious that

DG = D(Il(¢"), ..., y(¢")) = DKpJ for D € Up,. (*)

We consider the map

o : M., (C) xUp, — N, ¢(J,D)=(DKpJ,D)= (DG, D).

This map ¢ is C*° because the elements of DKpJ are polynomials of the elements of J
and D, it is injective because the rank of DKp = (< d;,d;; >);; is r, and (*) implies that
Imyp ={(DG,D): D eUp,,G € M,,;(C)}.

Moreover, dy(;,py is injective because d@(bﬂD)(j, D)= (DKpJ+DKpJ+DKpJ,D) =0
implies D = 0, Kp = 0 (KD is a submatrix of D) and J = 0. In brief, @ and its inverse
o~ ! defined in Im ¢ are C*°.

Finally, we prove that if Up, is another open neighborhood of the same kind verifying
Up, NUp, # @ and the restriction of the corresponding maps ¢ and ¢ on M, ;(C) x
(Up, NUp,), respectively, is considered, then the composition ¢~! o ¢ is differentiable. If
we denote the matrices Kp corresponding to ¢ and ¢ by K% and K}, respectively, we
have K% = K}S with S an invertible matrix because it is the matrix of a change of basis
in Im D!. Hence,

(vt op)(J,D) =y Y (DK}J, D) =4 (DK},SJ, D)= (SJ,D).

Then, the pairs (¢, M, ;(C) xUp, ) are a coordinate system and provide N, with a manifold
structure of dimension r(I +n+d —r). ]

Therefore, M = |, M, is a stratified differentiable manifold:



Theorem 3.4 With the notation in 3.1, M, is a manifold of dimension

o,=d*+ (N —d)(N+n)+r(N+n-—r).

In fact, a local parameterization is

v Md<C) X MN_d(C) X Md,N—d(C) X Z/{Cl X Mn,N—d(C) X Mr,N—d(C) I MT

7(A17A27A3701a0271]) = JKétCl A2
- -1

Notation 3.5 From now on we will indicate the coordinates of any a € M, by a; namely
C~L = 7_1((1) = (Al, AQ, Ag, Cl, CQ, J) - (Car.
Following (2.5), we restrict to M in a natural way the usual change of basis in the manifold

My 4.~ (C). Now the chain of subspaces C? x {0} ¢ CY x {0} ¢ C¥*" must be preserved,
so we consider:

Definition 3.6 Let G C GI(N + n) be defined by

€ GI(N +n),PL € Gl(d), P, € GI(N —d),Q € Gl(n)}.

It is a straightforward computation that G is a subgroup of GI(N + n) and that:

Proposition 3.7 The natural action of the subgroup G C GI(N +n) on the differentiable
manifold My4, n(C) can be restricted to M,.:

gXMT—)M’I‘v (paa)Hp*a;

that is,

p*xa= 0 PR, F01A2
0 0@ Cy Oy

Py P3| R, Ar A; (

Proposition (2.6) shows that:

Proposition 3.8 If we denote by O, the orbit of a € M, under the action of G, then O,
is the class of a with regard to the equivalence relation in (2.5).

10



4 Miniversal deformation preserving a (C,A)-invariant subspace
We restrict ourselves to the stratum of M where the rank of C; is maximal:

M ={a e M :rankCy =r*},

where 7* = min(d, n). Note that, in fact, this is the generic situation:
Proposition 4.1 M* is an open dense subset in M.
Proof.

It is obvious that M* is an open set. To prove the second property, it is sufficient to point
out that for any C; and ¢ > 0 there is C}, with rank C; = r*, such that ||C] — Cy|| < e,
and hence

Ay As Ay As
|| FC, Ay | = | FOL Ay ||| S |IFCL = FCy|| + [|Cy = Ch| < e(1+ || F))). .
Ci Cg Cl C'2

Thus, we have our first main result:

Theorem 4.2 Let a € M* with a = (A, Ay, A3, C1,C5,0) € C°.
A miniversal deformation of this point in M is given by the set of matrices
Al + Xl Ag -+ X3
Z(Cy +Y1) Ay + X
Ci+Yr Oy+Ys

satisfying the conditions

(1) Xo05+ 7 =0,

(2) Y1C7 + Y2C3 =0

(3) X,C: + X3C5 =0

(4) X3A5 — A] X3 — C7Y, =0

(5) X1A7 + X345 — AJX, — Y1 =0,
(6) XoA; — AZXs — A5Xy — C3Ys = 0.

Proof.

Let V' C M* a small enough neighborhood of a in the linear variety defined by (1) —...—
(6). It is sufficient to prove that V' is minitransversal to O, at a or, equivalently, that
v~ YV) is minitransversal to v~1(0,) at a.

Notice that in the proof of (3.3), if D has maximal rank, then DG # 0 if G # 0. Therefore,
for the maximal stratum M*, the parameterization in (3.4) can be simplified taking

11



U, C M, 4(C) and

7:C”— M*, o=d*+(N—d)(N+n)+r*(N+n-—r")

A A
7(A17A2>A37017027F) = FCl AQ
C, Oy

If we consider the G-action in C” induced in a natural way by (3.7), it is a straightforward
computation that

pra = (PLA Py Py FC P R CL P! — (P F O+ RyCh) Py Py Pyt (Py Ay +-RyCo ) Py

—(PLA; + PsFCy + RCY) P P3Pyt + (Pl As + P3Ay + R1Co) Py, QCL P,
—QC P PPy 4+ QCy Pyt BFQ 7 4+ RyQ 7).

Hence v71(0,) = O; = {p*a,p € G}. To conclude the theorem let us see that v~ (V) is,
locally, just the normal variety @+ (T303)*, where T;O; is the tangent space to Oy at a.
Clearly, this tangent space is Im day, where daj is the derivative at the identity I € G of
the map a: G — C?, «a(p) = p * a. Deriving this map we have:

Qol ~ C1P,—C P+ QC2 — CyP, R2)

for any p belonging to 77§, that is, for P e M,(C), P, e My _4(C), Py e My n-a(C), R, €
Md,n((c)a R2 € MN—d,n((C)a Q S Mn(C)

Then, ¥ = (X1, Xz, X3,Y1, Y2, Z) € (T30;)* if and only if, for any Pl, Pg, Pg, Rl, RQ,Q as
above,

trace(Xf(PlAl — AP+ RlCl)) + trace(X§(P2A2 + RyCy — AQPQ))—i—

+trace(X§(—A1P3 + PyAs + P3Ay 4+ R Cy — A3P2)) + trace(Yl*(QCl - Clpl))+
+ trace(Yy (—C1.Ps + QCy — CoP)) + trace(Z* Ry) = 0

or, equivalently,
trace(X; Af + X3A5 — ATX| — CIY1) Py + trace(Xs Ay — At X3 — C1Yy) Py +

+ trace(X,C; + X303 RE + trace( X, Ay — AjXs — A3 Xy — C3Ys) P+
+trace(XoCy + Z) R} + trace(Y,CF + Y2C3)Q* = 0.
Hence, & € (T;0;)* if and only if (1) — ... — (6) are verified. n
In the particular case when Az = 0 and Cy = 0, then the equations in Theorem 4.2 become
just those obtained in [12] with regard to the general block similarity. Hence, we have:

12



Corollary 4.3 Let us consider the particular case of a BK-matriz agg € M* and S =
C% x {0} a supplementary of the unobservable subspace. Then, a miniversal deformation

of apg 1s

0 0 XFRW
0J|+| 0 XEND|,
E 0 Y'lOBS 0

where

(i) The deformation parameters in the i-row of Y°B% (2 <i <r) are placed in the first
(i —1) blocks as follows: ki+1,... . k1 —1;.. ki +...+kj1+ki+1,.. .. ki +...+
ki—1;..ki+...+kio+ki+1,... .k +...4+ ki1 — 1. (Notice that there are no
parameters in the j-block if k; < k;+1.)

(ii) The deformation parameters in XFNP are those of the miniversal deformation of the
square matriz J in [1].

(i) The deformation parameters in XIW are just the entries of the rows: 1,k + 1, ki +
ko4+1,.. . ki +ko+...+k_1+1.

Example 4.4 For a BK-matrix with BK-indices (3, 3,2, 1) and J a nilpotent matrix with
Segre characteristic (1,4,2), we have

1
1

* (=

Remark 4.5 The above corollary shows that Theorem (4.2) generalizes the results in [12]
when the preserved conditioned invariant subspace is not necessarily a supplementary of
the unobservable one. In this sense, the notations Y°P% and XENP point out that the
particular cases of an observable pair and a square matrixz are included, with d = N and
d = 0, respectively.

13



5 Miniversal deformation of observable marked matrices

As pointed out in the introduction, we will solve the equations in theorem (4.2) explicitly
in those cases where a € M* is an observable marked (see definition (2.4)) matrix (then
r* = n). It can be easily observed (see [5] for further explanation) that if a € M* is
observable, a € M* is marked if and only if there exists a matrix a. € O, of the form
described in the following definition which we will call its canonical form.

Definition 5.1 Let

Ay Az
a = 0 AQ S M*
Ci 0

be an observable marked matriz with ¢ = (qu,...,q,) and p = (p1,...,pn) being the BK-
indices of the pairs (C1, A1) and (C, A), respectively, verifying g1 > q2 > -+ > qn, i > G,
G+ g =d, pr+--+p, = N, and let us define §; = p; — q;. Notice that (p1,...,pn)
are not necessarily in non increasing order.

(1) We say that a is in canonical form (and then we write a.) if

(1) (Ci, A1) is a Brunovsky pair.
(2) As =diag(Ns,,...,Ns,) € Mn_q(C), where only 6; # 0 are considered.
(3) Az = (Asij)i<ij<n, Az € Man_4(C), Asz;; € My, 5,(C)

€s; . . .
Asii = if 1 < i < m, As;; = 0 otherwise, where only 6; # 0 are
0
considered, and then es, will be a row matriz of zeros and one 1 in the position o;
with the size corresponding to the context.
(11) We say that all the matrices equivalent to the preceding one are of type (q,p).

Example 5.2 The following matrix is an observable marked matrix in canonical form of
type ((3,3,2,1), (4,3,6,3)):
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Remark 5.3 Notice that the matrices in (5.1) appear in the miniversal deformation in
(4.3) when J is nilpotent. For instance, the one in (5.2) appears in the miniversal defor-
mation in (4.4). In general, they are perturbations making apr observable, with Y085 =0
and XEND = 0. In fact, it can be seen that, somehow, they are "minimal” observable de-
formations of apg, that is to say, pairs in (4.3) having a minimal number of non-zero
deformation parameters to be observable.

When we solve the set of equations in theorem (4.2), the following special types of Toeplitz
matrices often appear:

Definition 5.4 (1) We say that a matric X = (z; ;) € M, 3(C) is a T-matrix if it is a
Toeplitz matriz; that is, if it is constant along the diagonals.

(2) If X is a T-matrixz such that x;; = 0 if i > 1, we say that X is an UT-matrix (upper
Toeplitz matriz).

(3) We say that a block matriz X = [X”-] , Xij € M, 5,(C) is a block
Y 11<i<r1<j<s
T-matrix if each block X; ; is a T-matriz. We define a block UT-matrix analogously.

We now solve equations (1) — ... — (6) in Theorem (4.2) when the matrix a. € M*
is an observable marked matrix in canonical form. The following theorem describes the
corresponding solutions:

Theorem 5.5 (First Miniversal Deformation) Let a. € M* be an observable marked
matriz in canonical form of type (q,p) as in (5.1).

Then, a minwersal deformation of a. € M* is given by the set of matrices
X1 X3

ac+| 0 X,
1Y

such that
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(2’)
(3)
(4’)

(5°)

(6°)

()/Lh,k)qk - 07

(X1hk)g =0,
X
R UT-matriz,
Y2 hk
X X
( o). X1 T-matrix if o > 0,
0 Yink
X
YR U T matriz if 0 =0,
| Yink
Xohk ‘ .
UT-matrix provided that 6, > 0 and 6 > 0,
I (X )

where (+),, (+)” mean, respectively, the v column/row of (-).

Proof.

We will denote by (-); and (-)” the matrix (-) from which the v column/row, respectively,
has been removed.

Solving each equation in (4.2), we have:

(1)
(2)

Using that Cy = 0 ( from definition (5.1)), it turns out that Z = 0.
YiCF + Y05 =0
Also using that C'y; = 0 and the decomposition into blocks of the matrices, we have

Zlehz 1,k o 1§h7k§n
=1

and using the form of the blocks of C, we obtain 0 = Y} 5, 1.CY ;. ,- Finally, using the
introduced notation, this equation is equivalent (Y34 )q, = 0.

X107+ X305 =0

This equation is the same as (2), but the matrices involved are now X; € My(C),
X3 € Md,Nfd((C)-

X3A5 — At X3 —CY, =0

Using the decomposition into blocks of the matrices, we have

n m n

* * *
Z Xg’h’lAQJ‘:fL - Z Aly]yhX37.]7k - Z Clyzyh}é7éak - 0 Y 1 S h7 k S n.
i=1 j=1 (=1

Considering the form of the matrices A;, As and C, we have XanwNs, — Ny Xanp—

X3k B
€y, Y2nk = 0; and using the above notation, we obtain [0 (X3 k)g } _ (X3nk) 7
b b k
Yo hk

which is equivalent to (4").
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Using the decomposition into blocks, the last equation is equal to

m n m n
Z Xl,h,iAT,k,i + Z X3,h7iA§,k,i = Z Ai,i,th,i7k + Z Ciz‘,hym,k 1<hk<n.

=1 =1 i=1 =1

Considering the form of the matrices, we distinguish two cases:
*

€s
(a) I 6, >0, XinalNy + Xznnk ()k =Ny, Xink+eg Yink-
. : (X1 nk) .
Using the above notation, we have |:(X3’h7k)5k, (Xl,hjk)cﬂ = , which
Yink

is equivalent to (57).

(b) Ifék:(), X17h7kN* N thk+€ }qhk
(X1 pp)?t

Using the above notation, we have {0, (X1 hk) o } = . Therefore, the
Yink
solution for this case is equivalent to considering (X3 px)s, = 0 in the general
case, and this gives us (57).
(6) XoAS — ALX3 — ASXy — C3Y, =0
Usmg the decomposutlon into blocks of the matrices and that Cy = 0, we have

Con51der1ng the form of the matrlces we have Xo 5, 1 Nj, A37h7hX3,h,k —N§ Xopk =

. .. . (Xz,h,k) N
0. This equation is equivalent to {O, (X27h7k)@] = , and we obtain (6’). m

(Xsne)'
Example 5.6 Given the observable marked matrix in canonical form of type

((3,3,2,1),(4,3,6,3)) in example (5.2), its miniversal deformation given by theorem (5.5)
is
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where all the parameters appear along the indicated diagonals and ¢; are the parameters
appearing in more than one block in X, X5, X3, Y7, Ys.

As an application we will compute codim O,, in (6.1). In fact, we use it to derive a new
miniversal deformation of a. € M* without repeated parameters, which will be more
useful to study the effect of each parameter. We construct it by taking an appropriate
basis of a suitable supplementary subspace of T; O,..

Definition 5.7 Let a. € M* be an observable marked matriz in canonical form (see
definition (5.1)). We define the elements aby,y., ak,, and ¢y, in C7 having the same block
sizes as in a. € M*, and all the entries 0 except one 1 placed in the first row of the block
Aopk, Aspi or Chpg, respectively, and in their i-column.

Let S, be the vector space spanned by the matrices aly,,., aéhk and ci,,., where 1 < h,k <mn,
O — 0 <1 <0k, qn<l<gqr—1, and the index j vary as follows:

if o >0, ph—an < J < 0p—qn, and max (0, pp—0k)+0k—qn < j < min(qn, ge—1)+0k —qn;
ifon =0, 0<j<min(ge — 1, pr — gn — 1,0k) + 0k — qn-

Theorem 5.8 (Second Miniversal Deformation) Let a. € M* be an observable
marked matriz in canonical form of type (q,p) as in (5.1). Then, a miniversal defor-
mation of a. € M* is given by the subvariety parameterized by a. + S,,. More explicitly,
it is given by the set of matrices

/

0 X,

/

/

Y, 0
where, with the notation in (4.3), Y, = YOPS X, = XFND and X, is a subfamily of

FRW
X3 .

Proof.
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By construction, the set of matrices {abyy, @up, g Yhkigi 1S linearly independent, and
therefore the dimension of the subspace S, spanned by them is the dimension of the
orthogonal of T;O;, in accordance with corollary (6.1). We will see that S, is a supple-
mentary subspace of T;O; by proving that its intersection is the null space. In order to
do so, we will prove that for every non null vector of S,, there is a vector of (T30;)* such
that their product is not zero.

Notice that if & = (X1, Xy, X3,Y1,Y2,7) € C?, we then have < T, ab,, >= (Xonk )1,
< Ty agy >= (Xank)1rj, < gy, >= (Vi) Now let v = Y ahypabyy + Y 23,0, +
ki h.k,j

Zyihkcllhk, where b, 7%, yh,, € C, be a vector of S,. We consider the vector
hok,l

T = (X1, X2, X3,Y1,Ys, Z) € (T505)" defined by (Xonk)1.: = Thyp,(Xank)j = @, (Yina )i =
Yinr where the indices vary as in (5.7). Then, < v, @ >= Y |zh, > + D |edl* +

hokyi hok.j

> lyt,.]?, and this implies that < v, Z >= 0 if and only if v = 0. n
hokl

Example 5.9 The new miniversal deformation in example (5.6) is

1| s
1
1
letr
1
1
1
1
1314 1
1
1
1
1
1
1
L U to 1 B

6 Applications
6.1 Dimension of the orbit
As an application of theorem (5.5), we obtain the dimension of O,, .

Corollary 6.1 Let a, € M* be an observable marked matriz in canonical form of type
(q,p) as in (5.1). Then, the codimension of its orbit is
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codim O,, = > min(d,d;) + > max(0, min(gs, g — 1) — max(0, p, — &)) +

1<h,k<n 1<h,k<n
6h~5k>0 §h~6k>0

+ > max(0,0; —pn) + D max(0,q—qn—1) +
1<h,k<n 1<h,k<n
8781 >0

+ > min(g — 1,pr —qn — 1,6¢) + Y max(0, 8 — qn).
ks ST

Proof.

To count how many freedom degrees the miniversal deformation has, we study the number
X1 X3

of parameters appearing in the solution x = | 0 X, |. The following figure is useful
Y1 Y,

because it shows all the nullity and constancy conditions of the diagonals appearing in
theorem (5.5):

0r=pPk—qk
-+—p
k 3k %k
0
On=ph—an| | - Xonk
. b b qk
0 ———>
0
© X3 hk Xink || 4
0 0
0 Yonr Yipne 0|1

We denote by * the origin of the diagonals that can be different from zero. The remaining
conditions of theorem (5.5) and the sizes of the blocks will allow us to obtain the actual
ones.

We distinguish three different cases depending on the number of blocks in the above figure:

(I) 5h7 0 >0
In this case, all the blocks of the solution appear as the above figure shows. It can
be seen that there are four types of parameters:
(a) Those beginning and finishing in Xs .
(b) Those beginning in X5, and finishing in Y] 5 .
(¢) Those beginning in X5, and finishing in Y5 .
(d) Those beginning in X 5, and finishing in Y] 5.
Indeed, (Xonk)1i = (Xopk)i—ito,0, 1 <1 <. We distinguish the cases:
(a) If 6, — 0 < i < 0.
(b) If 0 < i < 04,0k <i+pn <pr, (Xonk)ri= Yink)itp, and i+, < 6 because
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(Yink)g = 0.

() Ipn <1—=i+06k (Xonk)i = Yonk)itp, -
(d) (Xine)ry = Yipr)ita, 1<j<q andj+q, < g because (Yix)q = 0.
In summary, and taking as reference the elements of the first row of X in case
(a) and the elements of the blocks of Y in the other ones, we have the following
parameters:
(a) (X2,h,k)1,i for 6k — 5h <1< 5k
(b) (Yink); for max(0,p, — &) <j < min(gp, g — 1).
() Your); for pp<j<ip
(d) Yipe)i for g <i<q—1

Adding up these four types of parameters, classified according to whether they
finish in Xopx, Your or Yy, respectively, for the case d5,0; > 0 we obtain the
following total number of freedom degrees:

min(dy, 0y )+max (0, min(gs, gg—1)—max(0, pp—dx))+max (0, op—pp)+max (0, gr—qn—1) .

(IT) 6, =0
In this case, we only have the blocks X ;,, and Y; 5 ;. Repeating the reasoning of
(I), if 9y, = 0, there only exist the parameters beginning in Xj j , that is, those given
by (d), and the number of parameters is

max(0,qx — qn — 1) .

(IIT) 6, =0, >0
In this case, we only have the blocks X 5k, Xspk, Y1k and Yo, 5. It can be seen
that there are three types of parameters:
(d) Those beginning in Xj j,  and finishing in Y] 5 .
(e) Those beginning in X3, and finishing in Y 5 .
(f) Those beginning in X35, and finishing in Y5 .
Adding up these three types of parameters, for the case , = 0,9, > 0 we obtain
the following total number of freedom degrees:

max (0, qx — qn — 1) + min(ge — 1, pr — g — 1, 0x) + max(0, 5 — q) -

Adding up all the preceding cases and grouping them according to the block of the refer-
ence parameter, we have the formula of the corollary. |

Example 6.2 For the observable marked matrix in (5.2), the addends in (6.1) give, re-
spectively, 15,2,1,2,1 and 1, which correspond to the parameters (*), (t4,t5), (t3), (t1,t2),
(t7) and (tﬁ)

6.2 Structural stability

Now we study the observable marked matrices for which all the small perturbations do
not change their equivalence class. We will see that there are no non-trivial pairs of this

type.
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Corollary 6.3 The observable marked matrices a € M* structurally stable with regard
to the equivalence relation in (3.7) are only those of the trivial case:

(i) d=N,
(i) |pi—pijl < 1.
Proof.

Let a € M* be an observable marked matrix in canonical form of type (¢, p). Then, it will
be structurally stable if and only if its miniversal deformation is null. Or, equivalently,
if codim O, = 0. This means that each term in (6.1) must be 0. From the first one, it
follows 6; = 0, for all i < n, and then d = N. Now the fourth term gives us |px — pn| <
1 for 1<hk<m.

Conversely, all the terms are null if (i)-(ii) hold. ]

Notice that condition (i) implies M* = My, ~(C), that is, a € M* is a full rank
observable pair. Then, condition (ii) is exactly that obtained in [12] for this particular
case.

6.3 Bifurcation diagrams

Let us study the effect of the parameters X and Y] in (5.8). It is clear that the Jordan
form of A, is perturbed by X, just as in Arnold’s works.

With regard to the effects of the restriction (C1, A;) on the BK-indices, it is also clear that
they only depend on Y; and are just those of the ordinary perturbations of an observable

pair. So the initial BK-indices ¢y, ..., ¢, will change into new indices ¢;, ..., q, such that
they are majorized by the initial ones in the following sense (see [19]):
O<as GHG<ata o Gt td g <@t gt ta, =

That is, the BK-indices of the restriction will be balanced until the maximal difference
between them is 1 (or 0).

In (5.9), for instance, if some of the parameters t,, t5 in Y, are non zero, then (q;, ¢y, g3, q;) =
(3,2,2,2).

Note that they are the only BK-indices compatible with the above majorization relations
and are structurally stable because the maximal difference between them is 1.

Similarly, the BK-indices of (C, A) will be perturbed into majorized ones as above. For
instance, in (5.9) the only BK-indices majorized by the initial ones (6,4, 3, 3) are (5, 5, 3, 3),
(5,4,4, 3) and (4,4,4,4). In fact, the bifurcation diagram in Xj is

(6433) if t3:t4:t5:t6:t7:0,

(,,,) if t5#0, t3=ty=ts=1;=0,

(5,4,4,3)

4,4, if tgtg —tst; =0, some of them being non zero,
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(4,4,4,4) if tate — tsts £ 0.

Notice that the above bifurcation diagram is part of that of the miniversal deformation
in (4.7) when one prescribes the 3 parameters of XI#W appearing in (5.2).

6.4 BK-deformation and S-deformation

The S-equivalence in (2.6) is, in general, finer than the ordinary block similarity or BK-
equivalence because the condition of (C;A) and (C’, A’) being BK-equivalent does not
imply the existence of P verifying not only (i) but also (ii). In fact, (2.3) shows that a
necessary condition for the S-equivalence (but not for the BK-equivalence) is that the
restriction of both pairs to S is block-similar. However, neither this condition is sufficient.
For example, taking

010 010

. (A) |ooo A\ |ooo
S:CX{(an)}C(Ca - ) =

C 000 C’ 010

100 100

one has that both pairs are block-similar, and so are their restrictions to S. Nevertheless,
a straightforward computation shows that no P verifies (i)-(ii).

Therefore, we have
Oa - M,« N OBK(CL),

where the latter means the BK-equivalence class of a, but the converse inclusion does not
hold in general.

In the particular case of a BK-matrix apg and S = C? x {0} as in (4.6), in [12] one
obtains a BK-miniversal deformation which is contained in M,. Hence, M, is transverse
to Opk(apk) at apg; therefore, in a neighborhood of it, the above intersection M, N
Opk(apk) is a differentiable manifold. In addition, its dimension is just that of O,
because (4.6) shows that the BK-miniversal deformation in [12] is also an S-miniversal
deformation. Thus, the converse is true in a neighborhood of agg.

However, notice that, although the same miniversal deformation of agg is valid with
regard to both equivalence relations, the corresponding bifurcation diagrams can be differ-
ent. For instance, for observable deformations (in fact, a generic case) the BK-bifurcation
diagram involves only the BK-indices of the pair whereas the S-one must consider other
invariants, such as the BK-indices of the restriction to S.
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