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Since the end of the 1990s, we have conducted researches on the development of the notion of the basis for a vector space in a first Linear Algebra course. The choice of this concept to be explored in the investigations resulted from the essential role of this notion in this subject.

Robert and Robinet [1] call meta-mathematics that which is said or written in providing information about the functioning of mathematics, the use of its concepts (that is, when talking ABOUT mathematics), and the strictly mathematical. To avoid confusion about the meaning of the term meta-mathematics, which is used in the literature with other meanings, we adopt the term meta-resource to designate what these authors call meta-mathematics.

A meta-resource can become a “lever” for the student to understand a mathematical notion. When the meta-resource is capable of becoming a “lever” for the comprehension of the mathematical concept addressed, Robert and Robinet call it a meta-lever.
It is worth highlighting the importance given by Dorier [2] to this resource when suggesting that one of the more important hubs to be investigated in teaching and learning Linear Algebra is that of research on the use of meta-levers and on the evaluation of its real effects upon learning. 
We interpret the professor’s lecture or the presentation of a topic in the textbook as a meta-lever, if information exists in them that is capable of leading a student to contemplate his own knowledge, errors, and procedures, helping him to understand a new mathematical notion. We consider as meta-levers not only the professor’s lecture, but also any activity proposed and/or elaborated by him that facilitates the comprehension of some students about a notion or a topic. 

We present here some results of investigations developed by our Algebraic Education Research Group, GPEA
. This research is aimed at answering the following question: What is the role of meta-resources in learning the notion of basis for a vector space in Linear Algebra?

The theory of didactic transposition of Chevallard [3, 4] considers that there is a separation between mathematical works and their didactic adaptation, which is ongoing within the school institution. Taking into account this theory, Behaj and Arsac [5] conducted research to verify the greater or lesser interference of professors in didactic transposition in their Linear Algebra courses. From this point of view, they analyzed the nature and the hierarchy of the imperatives that condition the preparation of the Linear Algebra course, interviewing professors from a university in Morocco. The authors reached the conclusion that, with the same teaching plan, each of the professors who were interviewed indicated that they provide different treatment in preparing the lesson plan of their classes.  
This investigation enabled the authors to find that the autonomy of each professor, both in the elaboration of their classes and in the development of them, oscillates according to a greater or lesser dependence on the textbook and on the professor’s research activity. This fact determined the conclusion presented in the work of Behaj and Arsac [5] that the professor has greater liberty in preparing and developing his classes than that envisioned in the theory of “didactic transposition.” 
Recognizing that not every professor of higher education in Brazil is a researcher, and that many of them depend exclusively on the adopted textbook to “elaborate” their classes, Araújo [6] resolved to investigate which meta-resources are made available by the textbooks consulted by the Linear Algebra professors. She then analyzed the development of the notion of basis in three of the textbooks most used in traditional universities in São Paulo. The author’s analysis led her to conclude that there were few meta-resources capable of becoming meta-levers for the student in the analyzed books. 
On the one hand, Araújo’s statement noticed the quasi-inexistence of possible meta-levers in this important “vehicle” for didactic transposition of Linear Algebra. On the other hand, the considerations of BEHAJ and ARSAC [5] about the possible interference of the professor in the didactic transposition of linear algebra suggest that there is a possibility of finding possible meta-levers for the subject, developed by professors for their classes. 

Based on these facts, Padredi [7] investigated which meta-resources emerge from the lectures of Linear Algebra professors when they talk about how they develop the notion of basis with their students. Both in the elaboration of the lesson plan and in the analysis of interviews performed by Padredi [7] with 6 professors, she used the reference of the three principles that Harel [8] considers necessary for teaching and learning Linear Algebra: concreteness, necessity, and generalizability. The analysis of the interviews led Padredi [7] to the finding that the professors revealed various meta-resources capable of becoming meta-levers specifically for learning the notion of basis as well as meta-resources of the most general order.  
The interviewees revealed some of these general order meta-resources upon affirming that they sought to contextualize Linear Algebra for their students in every course that they taught. They affirmed that Linear Algebra is an important tool for other courses, but that they have not found applications that can inspire the elaboration of problems compatible with the knowledge of students in a first course, which corroborates the conclusions of Dorier [2].
The development of the notion of basis was highlighted by all the interviewees as a priority in a first Linear Algebra course, and it was present in the professors’ discussions in the three different approaches: as a system of minimal generators, as a maximal linearly independent system, or as a juxtaposition of a system of generators with a linearly independent set.
The idea of a minimal system of generators can cause the students to contemplate the advantage of finding a minimal number of vectors to generate the space, inducing them to understand the necessity of their being linearly independent vectors. The idea of a maximal set of linearly independent vectors can generate reflection about the need to find the largest linearly independent set that will give origin to the space, arising naturally from there the notion of a system of generators. Either idea makes explicit an articulation between the notions of linearly independent vectors and a system of generators giving origin to the concept of basis. Thus, they can be considered meta-resources capable of becoming meta-levers for some students.

The use of a colloquial form for introducing notions such as those that are intrinsically related to the notion of basis appeared by means of the following analogies: “well-behaved vectors”, “degree of freedom”, “crocheted quilt”, “environment”, “profit”, “economy”, “bricks”, “wall.” These analogies can become meta-levers for comprehending some Linear Algebra notions and ideas.

Padredi [7] also highlighted the use of the bridge from the old to the new, considering the knowledge acquired in spatial and plane Analytic Geometry as the old with the potential for generalization to reach the new. This resource is considered by the author as part of the constitutive information of mathematical functioning that helps the student when the change in the point of view is necessary to integrate the new knowledge with the previous knowledge. Thus, Padredi concluded that it was one more meta-resource capable of becoming a meta-lever, presented in various textbooks and already highlighted by Araújo [6] in her research.
In addition, Analytic Geometry can also be used as the “concrete” to cause the students to reflect on the notion of linear dependence, of generating systems, and of bases, in the same way that the colloquial mode and analogies are used to create the need for this notion. 
Thus, in the lectures of the professors, the “use” of Harel’s three principles (concreteness, necessity, and generalizability) arose at different moments, and this indicates that these professors used these meta-resources to help in the learning of Linear Algebra, resources that can become meta-levers for the students’ improved understanding.
Another idea that was made explicit in the lecture of one of the interviewees was that of introducing at an earlier moment the notion of linear transformation and that of isomorphism between vector spaces, to create the need for the notion of basis. This type of resource, of using notions that are not the focus of the moment to justify others, was also indicated by Robert and Robinet [1] as a possible meta-lever. 
One meta-resource, which is characterized by Dorier [9] as a possible meta-lever and which was cited in the professors’ discussions, is providing information about the nature of the notions to be introduced, relating Linear Algebra to notions of Analytic Geometry, Differential Equations and Calculus, and with concepts that will be explored later, such as linear transformations and isomorphisms.
The interviewees also suggested employing a resource of methodological order, such as, for example, using group projects with the goal of stimulating a “debate” among the students to generate reflection on the notions being taught. Another example is using the textbook as a means of stimulating student speculation about areas that can lead to errors and abusive generalizations. All these resources were considered meta-resources capable of becoming meta-levers for the students. 
Upon learning what the professors interviewed by Padredi [7] revealed about their classes, Barbosa de Oliveira [10] asked if it was possible to relate meta-resources actually used by a professor in his classes to this resource’s influence on or contribution to the student’s comprehension. Thus, Barbosa de Oliveira [10] observed the classes of a first Linear Algebra course, highlighting the meta-resources used by the professor in the development of the notion of basis. After separating the meta-resources judged capable of becoming meta-levers for some students, the researcher conducted interviews at the end of the course with nine students of this class distributed evenly among those considered good, average, and weak in their performance in this discipline.
Understanding that the first notions of a vector space are intimately related to those of a basis, the author decided to analyze the notes and recordings of the classes from the beginning, and was able to perceive that the professor used meta-resources, starting from the first class.
Thus, for example, the professor in the second class used the meta-resource of the interaction between the geometric and the algebraic domains to make the student think about the possible solutions of linear systems. 

The professor used the three principles of Harel [8] for learning Linear Algebra to make the students think about the need for generalizing the structure of the vector spaces, based on spaces that are more “concrete”, that is, those already manipulated and appropriated by the students, such as those of the vectors of Analytic Geometry and of the real 
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 Matrices. In this approach, the professor also used the resource of providing different types of vector spaces to allow the student to verify the existence of distinct sets with the same structure. In another situation, the professor used the principles of concreteness and necessity in discussing linear combination, using vectors from analytic geometry as a concrete situation, and then the ideas of square matrices of order 2 to create the necessity of a facilitating technique for the study of linear combinations.

The meta-resource of providing information about mathematical operations, as well as giving examples and counter-examples and raising doubts were widely used during the classes that were analyzed. It is worth noting the use of questioning, employed by the professor with great ability in practically all of the classes, causing some students to reflect upon their knowledge and doubts.

The meta-resources used by the professor were not only used orally. In some of the activities distributed to the students, there were also meta-resources with the possibility of becoming meta-levers for some of them. The introduction presented in the activity named “Bases and dimension of a finitely generated vector space” indicates the reflection on the notion of basis being a minimal generating set, this resource having been made explicit in other works regarding this subject, and the variety of exercises suggested to the students are examples of meta-resources used in the written form.

It is worth highlighting here that although many experts in the subject affirm that the meta-resources are not directly evaluated, this professor, in one test, gave students the opportunity to use the meta-resource of domains-interaction to verify if the graphical representation of the lines and curves constituted vector subspaces of the real spaces 
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. In addition, in another question, examples and counter-examples of vector subspaces were used, these meta-resources having been used in the classroom. This result indicates that it is possible to evaluate the effects of the meta-resources, by means of individual evaluations.

The analysis of the interviews with the students revealed that few of the selected meta-resources served as meta-levers for the majority of the students. According to this analysis, the meta-resource "[...] I have someone who is depending on the others, there within my set,” used to verify if a set is linearly dependent, became a meta-lever for eight of the nine students interviewed.

Another meta-resource used in the interviews was the resource of examples and counter-examples. This resource became a meta-lever for four of the students interviewed.
Among the nine meta-resources used in the interviews, only two of them did not become meta-levers for this set of students. The resources that did not become meta-levers are the resources of domains-interaction, in handling the interpretation of the solution of a linear system and the resource of the three principles of Harel [8], in handling the vector space structure. The remaining meta-resources became meta-levers, individually, for at least one student.

We present here the synthesis of the research developed by Grande [11], who used the theory of Registers of Semiotic Representation of Duval [12] as a parameter for analyzing Linear Algebra textbooks. For this research, 5 textbooks were selected among those most used in Brazilian universities in the year 2004, in the search of how and which registers of semiotic representation are explored in the presentation of the subject on linear dependence.

Although the main objective was not to present meta-resources present in these texts, his analyses revealed implicit considerations about such resources. Thus, the fact that this author made a historic analysis of the evolution of the concept of Linear Dependence, concurrently with the textbook analysis, provided him with greater depth regarding this mathematical study object, resulting in suggestions of meta-resources to be used in the classroom.

Grande [11] found that the epistemology of the concept of Linear Dependence pointed to the difficulty that mathematicians felt in using and articulating registers of semiotic representation. As evidence of this, in the 18th century, Euler handled the notion of Linear Dependence related exclusively to linear systems, and consequently restricted himself to the symbolic-algebraic register. Only a century later, Frobenius began to consider the notion of Linear Dependence in the register of semiotic representation of n-tuples, which helped in the development of rank.
However, no activities, exercises, or even questions were found in the analyzed textbooks that would allow all the transformations among the graphic registers, the numeric symbolic and algebraic symbolic registers of n-tuples and algebraic symbolic matrix registers, the importance of which is highlighted in the theory of Duval [12]. Only a few comments were found in three books about the geometric properties related to the concept of linear independence, but no book presented any type of exercise that allowed the student to use the geometric register and its possible transformations among these registers of semiotic representation. This shows the lack of this meta-resource that is so important to understanding this concept.
Another didactic resource that was only slightly explored by the professors in the classroom is the use of the register of the natural language. One possibility is for the professor to ask the student to speak more about the learned mathematic concepts. In this case, the student can write and/or speak regarding Mathematics itself, citing theorems and properties and elaborating counter-examples to validate a statement, which can reveal, explicitly, which of the meta-resources used by the professor become meta-levers for the students.
In his analyses, the author did not find the use of other expressions in the natural language that could facilitate the characterization and the comprehension of the mathematical object under study. 
In synthesis, of those textbooks analyzed in this research, the author perceived a lack of diversification in the use of registers of representation. Since some registers of representation are given preference by the authors and other registers are not used, the conversions of registers are restricted and end up not being made explicit in the books.
Recalling the statement of Duval [12], that in mathematical activities the diversity of the registers of semiotic representation is an important characteristic that professors rarely take into account in teaching, the researcher verified that in the case of the notion of Linear Dependence, this is a fundamental condition for learning, but that unfortunately, it is only slightly explored in the Linear Algebra textbooks that were analyzed.
In this paper, we presented some research that was conducted by our group in which the role of meta-resources was investigated for the notion of the basis for a vector space in the textbook (Araújo, [6]), in the lectures of Linear Algebra professors by means of interviews (Padredi, [7]), in the observation and lectures in the classroom of a Linear Algebra professor (Barbosa de Oliveira, [10]), and in the analysis of 5 textbooks that are most used in Brazilian universities (Grande, [11]).

We can state that meta-resources were found in all these instruments and they were described throughout the text. The use of meta-resources to facilitate the students’ comprehension is frequent; however, only a few of them reach the goal of becoming meta-levers.
In this way, the research that has already been conducted and that is still underway points to some results that highlight the role of meta-resources in learning the notion of basis in Linear Algebra.
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