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Abstract

The results in this paper are within the scope of the matrix pencil
completion problems. Given an arbitrary matrix pencil, we obtain
necessary and sufficient conditions for the existence of a pencil strictly
equivalent to it with a prescribed constant subpencil, in terms of very
simplified conditions and for algebraically closed fields.

1 Introduction

Let F be an algebraically closed field. Let A, B € F"™*". Let C' € FP*9  with
p <m, ¢ <n. Let z,y be indeterminate.
Our purpose is to solve the following problem:

Problem 1.1 Under what conditions there exists a pencil strictly equivalent
to Ax + B containing the constant pencil C' as a subpencil?

Note that, if P € FP*P, () € F?*9 are nonsingular matrices such that

PCQ has the form

[ 80 8 ] , where p = rank C, (1)

then there exists a pencil strictly equivalent to Ax + B containing C' as a
subpencil if and only if there exist a pencil strictly equivalent to Ax + B
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containing PC(Q as a subpencil. From now on, without loss of generality, we
shall assume that C has the form (1).

Solutions to particular cases are known, with different restrictions on the
underlying field. They are frequently consequences of results on matrix pencil
completion problems [7]. For infinite fields, if C'= I, and Az + B is regular,
the result can be found in [1]. Also for regular pencils, with det A # 0 and
p+ q¢ = m, the solution to the problem can be found in [6] for infinite fields,
and in [11, 14] for algebraically closed fields. An extension of this result to
the case p + ¢ < m can be derived from a result of [12]. Particular attention
deserves the result obtained in [3], which characterizes the completion of
an arbitrary pencil to a regular one, in terms of an existence condition, for
infinite fields. This result covers the solution to our problem when Ax + B
is regular.

To find other particular cases of matrix pencil completion problems see [2,
5]. Recently, an explicit solution to the result given in [3] has been obtained,
for algebraically closed fields (see [4]).

Our result is proven when F is an algebraically closed field, and in terms of
very simple conditions. In particular, we provide another solution to Problem
1.1 in terms of simple conditions when Ax + B is regular, over algebraically
closed fields.

The paper is organized as follows. Notation and preliminary results are
introduced in section 2. In section 3 we obtain necessary conditions. So-
lutions to different particular cases are obtained in subsequent sections. In
section 4, for the case where the prescribed subpencil C' is row complete
(p =m). In section 5, for rank C' = 0. When Ax + B is regular, in section 6.
For pencils having only column minimal indices in section 7, and for pencils
having a regular part and column minimal indices, in section 8. Finally, we
obtain the solution to the general case in section 9.

2 Notation and preliminary results

Let d.(Az + B) be the dimension of the F-subspace of F[z]™*! spanned by
the columns of Az + B. Analogously, let d,(Az + B) be the dimension of
the F-subspace of F[x]'*" spanned by the rows of Ax + B. Note that the
numbers d.(Ax + B), d.(Ax + B) are invariant under strict equivalence and



are easy to compute when the pencil is in Kronecker canonical form. Hence,
the following property is satisfied.

Lemma 2.1 Let Ax + B and A'x + B’ be strictly equivalent pencils. Then
d.(Ax + B) = d.(A'z + B') and d.(Ax + B) = d,(Ax + B').

The nonzero columns of the Kronecker canonical form of Ax + B are
linearly independent as vectors of the F-space Flx]™*!. As a consequence,
we have the following result.

Lemma 2.2 Given a pencil Ax + B, d.(Az + B) is equal to rank (Axz + B)
plus the number of nonzero column minimal indices of Ax+ B. Analogously,

d,.(Ax+ B) is equal to rank (Az+ B) plus the number of nonzero row minimal
indices of Ax + B.

We use the following notation:

d.=d.(Az + B), d, = d.(Ax + B).

u is number of nonzero column minimal indices of Az + B. It will be repre-
sented by u(Ax + B) if necessary.

c1 < ey <...<¢, are the nonzero column minimal indices of Azx + B,

v (v(Az + B) if necessary) is the number of nonzero row minimal indices of
Ar+ B, and ry <7y <...<r, the nonzero row minimal indices of Ax + B.
d. = min{q — p,n — d.}, 6, = min{p — p,m — d, }.

Je = je(Ax + B) is the largest nonnegative integer j such that Az + B has
J nonzero column minimal indices ¢; < ... < ¢; whose sum does not exceed
m—pandc +...+¢;+75<qg—p—79,

Jr = Jr(Az + B), the largest nonnegative integer j such that Az + B has j
nonzero row minimal indices r; < ... < r; whose sum does not exceed n — ¢
andrm +...+7;+7<p—p—90,.

t (t(Ax + B) if necessary) is the number of infinite elementary divisors of
Ax + B, and

t1 (t1(Az 4+ B) if necessary) the number of infinite elementary divisors of
Ax + B of degree greater than one,

1 <k <ky<...<k are the degrees of the infinite elementary divisors of
Axr + B.

Given two polynomials a, € F[z], « | # means that « divides f.
Whenever a sequence of polynomials satisfy 71 | ... | 7,,, we will assume that
7, =1for7<1and , =0 for i > n.



ai | ... | a, denote the homogeneous invariant factors of C' (notice that
a=y,i1=1,....,p)and 71 | ... | 7, with w = rank (Ax + B), the homoge-
neous invariant factors of Az + B.

[ = max{i,t;} where i denotes the amount of nontrivial invariant factors of
Az + B.

d(-) stands for ’the degree of’.

Lemma 2.3 Let H = [G *| € F[z]™" be a matriz pencil with G € F|x]™9.
Letdy < ...<d, and c; < ... < ¢, be the column minimal indices of H and
G, respectively. Then u' > uw and ¢, < ¢;, i =1,2,...,u

Proof. Taking into account that ' = h — rank H and u = g — rank G, we
conclude that v’ > w.

Let X1,..., Xy and Yy, ..., Y, be fundamental series of solutions of HX =
0 and GY = 0, respectively. For every i € {1,...,u}, let

Z; = { }g ] € Fla)"L.

Clearly, Z1,..., Z, are solutions of HX = 0.

By definition of a fundamental series of solutions, ¢; = deg X; < deg Z; =
degYy =c¢;. Letie{l,...,u—1}. As Zy,..., Z;, are linearly independent,
there exists j € {1,...,7+ 1} such that Z; is not a linear combination (as
a vector in the F(x)-space F(x)"*!) of Xy,...,X;. Then Xi,...,X;, Z; are
linearly independent. By definition of a fundamental series of solutions

¢y =deg Xy < degZ; = degY; < degYiy1 = iy,
and the conclusion follows. m

Lemma 2.4 Let H = [G | € Flx
Letdy < ...<é,and ¢ < ... <
of H and G, respectively. Then u’

™" be a matriz pencil with G € Fz]™9.
¢z be the nonzero column minimal indices
>uanddc, <¢,i=1,2,...,u

Proof: Let

X:[g VJHGF[ [,

be a non singular matrix, Y € [F9*9, such that

HX =[0G, | Hy 0],
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where the columns of [Gy Hy| are linearly independent as vectors in the
F-space F[z]™!. Then ¢,...,¢, and ¢i,...,¢; are the column minimal
indices of [Gy Ho| and G, respectively. The conclusion follows from the
former Lemma. m

As a consequence, we obtain the following result.

Lemma 2.5 Assume that Ax + B is strictly equivalent to a pencil of the
form

Oqu * mxn
ot L] emer

If Cx+ D has j nonzero column minimal indices, then Ax + B has, at least,
7 nonzero column minimal indices whose addition does not exceed m — p.

Notice that if « is the addition of the j column minimal indices of Ax+ B
in the former lemma, then o + 7 < q.
An important result concerning completion of matrices was given by E.M.

de Sa [10] and R.C. Thompson [13] independently, and is the following

Theorem 2.6 [10], [13] Let A(x) € F[z|P*? and B(x) € Flx]™ ™, p < m,
q < n, be polynomial matrices, oy | ... | ap and 1 | ... | v their invariant
factors, respectively. Then, there exist matrices X (z) € F[x]P*("=9 Y (x) €
Fla)m=P>a 7Z(x) € Flx)mP>*(=9) sych that B(x) is strictly equivalent to

]

if and only if
Vi | Q; | Yi+m—p+n—q> 1= 1, ..., D.

In both papers [10, 13] the following result on constant matrices was also
obtained.

Theorem 2.7 [10], [13] Let A € FP*P, B € F™*™ be matrices, oy | ... | oy,
Y | oo | Ym their invariant factors, and p < m. Then there exist matrices
X e Frx(m=p) Y ¢ Fm=p)xp 7 c Fn=p)x(m=p) gych that B is similar to

i

Vi |az |7i+2(m—p)7 7':]-77p

if and only if



We include below some results showing solutions to Problem 1.1, which
will be mentioned or used later. A particular case of the next Theorem shows
the solution to Problem 1.1 when the pencil Az + B and the prescribed
subpencil are both regular and the underlying field is infinite.

Theorem 2.8 [1] Let F be an infinite field. Let Gx+H € Flz|P*?, Ax+B €
Flz]™™ be regqular pencils, p < m. Let oq | ... | ap, 7 | ... | 7m be
their homogeneous invariant factors, respectively. Then there exists a pencil
strictly equivalent to Ax + B, containing Gx + H as a subpencil if and only

if
Vi | Q; ’ 7i+2(m—p), 1= 1, ..., P

The following result contains the solution to Problem 1.1 for regular pencils
Ax + B with det A # 0 and p 4+ g = m, for algebraically closed fields. It can
be obtained from the results in [11, 14] (it can also be found in [6] for infinite

fields).

Theorem 2.9 [11, 14] Let F be an algebraically closed field. Let Ax + B €
Flz]™*™ be regular, det A #0, p+q=m. Let v | ... | vn be the invariant
factors of Ax + B. Then there exists solution to Problem 1.1 if and only if

Y | 1.

As a consequence we obtain a generalization of it to the case p 4+ g < m.
The result can be derived as a particular case from a result of [12].

Lemma 2.10 Let F be an algebraically closed field. Let Ax + B be reqular,
det A £ 0. Let v1 | ... | ym be the invariant factors of Ax + B. Then there
exists solution to Problem 1.1 if and only if

p+q<m, 2)

p<m—i, (3)

where © is the amount of nontrivial invariant factors of Ax + B.

Proof. Assume that Az + B is strictly equivalent to a pencil of the form

o)



with rank C' = p. Then rank A < m — p + m — ¢, from where we obtain
condition (2). By definition of invariant factor, 7, = 1 and condition (3) is
also satisfied.

Conversely. Let C be a matrix of the form

¢ 0
0 0

:| e IFplX(II7

such that p < py, ¢ < ¢ and p; + ¢ = m. If condition (3) is satisfied, by
Theorem 2.9 the pencil Az + B is strictly equivalent to a pencil containing
C' as a subpencil. In particular, it contains the matrix C'. m

3 Necessary conditions

In this section we obtain necessary conditions which follow if Problem 1.1
has solution. Although in some cases, which will be studied later (in sections
4 and 5), the stated necessary conditions can be obtained straightforward,
we will derive them from the result obtained in this section.

Theorem 3.1 Let Az + B be a pencil. Assume that d. = n,d, = m. Let
Ax + B be strictly equivalent to a pencil of the form

C x
x x|’
with rank C' = p. Then the following conditions are satisfied

rank A<m—p+n—q, (4)

rank (Az+ B) >p+q—p—J, (5)

where

j=max{k€{0,1,...,jc+ 4} :p<rank (Az+ B) — 1l — (d1 + ... + dy)},

where | = max{i,t1}, and the integers {d,...,d;.+;.} are an increasing re-
ordering of {c1,...,¢j., 1, ..., 7}, with the convention dy + ...+ dy =0 if
k=0.



Proof. Suppose that

st Ip O >k,
Ar+B~ | 0 0 G |,
* G x

with G € Fm—p)xa=p) G ¢ Fe-r*x=9)  As d, = n,d. = m, §. = 0 and
0, = 0. It is immediate that condition (4) is satisfied. By Lemma 2.5 the
nonzero column minimal indices of G are also column minimal indices of
Az + B. Denote them by ¢;,,...,¢;, . Notice that ¢;, +...+¢;, <m —p and
¢, +...+c¢, +k < q—p. According to the definition of j., we have that
k < je. In the same way, the row minimal indices 7;,,...,7;, of G’ satisfy
that r;, +...+7, <n—qgandr, +...+r;, +k < p—p; hence, ¥’ < j,. As

rank (Az + B) > p4ciy, + ...+ ¢y + 1,1, F L
it follows that
p<rank (Av + B) =l —(c;; +... +cip +riy,...,15,) <

<rank (Az +B) —l—(c1+ ... +cp+7r1,...,10),

and we conclude that k + k' < j. Moreover,

I, 0 0] | *
I, 0 =x 0 0 0 /|G| O
00 & |2|lo 0o o0]0]|G]|,
x G % x Gy 0| % | %
* 0 G2 * *
where 7 has the column minimal indices ¢;,, ..., ¢;, and G} the row minimal
indices 74, ..., 7;, as Kronecker invariants. Then,

rank (Ax+B) > p+rank G+rank G' = p+q—p—k+p—p—k' > p+q—p—J,

and condition (5) holds. m

Let us obtain necessary conditions for the general case.



Theorem 3.2 Let Ax + B be a pencil strictly equivalent to a pencil of the
form
C =
* x|
with rank C' = p. Then the following conditions are satisfied
rank A <d, — (p—9,) +d. — (¢ —6.), (6)

where j is defined as in the former theorem.

Proof. Assume that Az 4+ B is strictly equivalent to a pencil of the form

I, 0 =
0 0 G|,
* G *

with G € Fm=p)x(a=r) G ¢ FP=r)*(n=4) " There may be some zero columns
in the block G and some zero rows in the block G’. In addition, there may be
some other zero columns or rows in the pencil. Let § be the amount of zero
columns of block G, and ¢’ the amount of zero rows of G'. Then, Az + B is
strictly equivalent to

L]0 o] %0
00 0]G;|0
0l0 ololo],
*G10 * 0
0,0 0010

with G € Fldr—ptd))x(a=p=0) Q" ¢ Flp=p=0)x(de=a+) and d,(G) =q—p—0
and d,(G}) = p — p — ¢'. Notice that § < d,, 0’ < J,.

Through column and row permutation we may achieve that the J-width
zero column expands to a d.-width zero column, and the §’-width zero row
to a d,-width zero row, the pencil being then strictly equivalent to

I,] O 0 = | 0 0
0|0 O0|G,| 0 0 O
0(0 0OLO0O]0O0 0 O
x |Gy 0 x| x 0 0],
x| 0 0|0 Gs3 0
0] 0 0]01|Gy 0 O

| 0|0 0,00 0O O]




with G; = Diag (Go,G3), G} = Diag (G5, G%) for some matrices Ga, G,
G, Gy Put p' =p—6,, ¢ = g — 6.. The former pencil is strictly equivalent
to

I, 0 0 % |00
0 0 0 Gy 0100
Ao+ B o 0 0 0 0 G500
{ 5 01 = x Gy 0 x %[00
x 0 Gz *x x[00
0O 0 0 O 000

00 0 0 01]0 0|

Then A’z + B’ € Fé*d contains a p’ x ¢ constant subpencil of rank p,
d,(Axz+ B')=d,, d.(Ax+ B') = d..
Let us calculate j' = j(A'x + B’). We have that

d.—p =d,—(p—9,)=m—p—(m—d,) + 9, <m—p,

P'=p=p="06—p
therefore, j! = j.(A'z 4+ B') < j,. Analogously, j. = j.(A’z + B') < j.. Then
j" < j. By the former theorem,

rank A =rank A'<d, —p'+d.— ¢ =d. — (p—9,) +d. — (¢ — 0.),
rank (Az + B) =rank (A2 +B)>p' +¢d —p—73 >p—06.+q—0.—p— 7,
what are the desired conditions (6) and (7). m

Remark: Assume that oy | ... | «, are the invariant factors of C' and
Y1 | - | Yrank (Ac+5) the invariant factors of Az + B. According to Theorem
2.6, if there is solution to Problem 1.1 the interlacing conditions

Vi ’ Qg ‘ Yit+-(m—p)+(n—q)s 1= 17 s P (8>

must be satisfied. Let us see that these conditions are equivalent to the
following conditions (i) to (iii):

(i) rank A<m—p+n—q.
(ii) rank (Az+B)<m—p+n—q+p.

(iii) p <rank (Az + B) — max{i,#;}.

10



It is easy to see that (8) implies that v, | y, what is condition (iii);
Yot (m-p)+(n—q)+1 = 0, i.e. rank (Az + B) < (m —p) + (n — q) + p, what is
condition (ii); ¥ | Vit (m-p)+(n—q) fori =1,... rank (Az+B)—(m—p+n—q),
hence t > rank (Ax + B) — (m —p+n — q), therefore t + m —p+n—q >
rank (Ax + B) =rank A + ¢, and (i) is satisfied.

Conversely. Assume that (i) to (iii) are satisfied. Condition (iii) implies
that v; | i, 1 =1,...,p. By (i), t > rank (Ax+ B) — (m —p+n — q), hence
& =Y | YVit(m-p)t(n—q), ¢ = 1,...,rank (Az + B) — (m —p +n — ¢). From
(ii), rank (Az + B) — (m —p+n—q) < p, then &; | Vit gn—p)+(n-q =0, i =
rank (Az+B)—(m—p+n—q)+1,...,p. Therefore o; | Vis(m—p)+(n—q), ¢ =
1,...,p. As aresult, the interlacing conditions (8) are satisfied.

Therefore, if Problem 1.1 has solution, conditions (i) to (iii) must be
satisfied. They can be derived from conditions (6), (7) and from the definition
of 7, respectively.

4 The case Ax + B arbitrary pencil, p =m

We obtain in this section the solution to the particular case of Problem 1.1
where the prescribed subpencil C' is row complete.

Theorem 4.1 Let Ax + B € F"™"™ be an arbitrary pencil. Let u be the
amount of its nonzero column minimal indices and t the amount of its infinite
elementary divisors. Let C' € FP* rank C' = p. Assume that p = m. Then
there exists solution to Problem 1.1 if and only if

p<t+u, 9)
Proof. The necessity is a consequence of Theorem 3.2. Let us proof the
sufficiency.

The pencil Az+ B is strictly equivalent to a pencil of the form [ Axz+ B 0 ] ,
where d.(A'z + B') = d.. From condition (10) ¢ — p < n — d., therefore it is
enough to prove that A’x + B’ is strictly equivalent to a pencil of the form

ol

But this is obvious form the Kronecker canonical form of Az+B and condition
9). m
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5 The case Ax + B arbitrary pencil, p = 0.

From now on we will assume that [ is algebraically closed. Whenever a result
holds also for arbitrary fields, it will be appropriately pointed out.

Next Theorem shows a solution to Problem 1.1 when the prescribed sub-
matrix is a zero matrix. In [9] the authors provided a characterization to this
case in terms of different conditions. We will prove later that both conditions
are equivalent.

Theorem 5.1 Let Ax+ B € Flx]™ ™. Let C' € FP*? with rank C' = 0. Then
Ax + B s strictly equivalent to a pencil of the form

Opxqg *
* x |’

rank (Az + B) > p— 06, +q— 6. — J, (11)
with j defined as in Theorem 3.1.

if and only iof

Proof. The necessity is a consequence of Theorem 3.2. Let us proof the
sufficiency.

Assume that condition (11) is satisfied. Note that by definition j = j,.+ j..
Remind that 9§, = min{p,m —d, }, 6. = min{g,n — d.}. We analyze different
cases according to the values of ¢, and 9.

If 9, = p or §. = ¢q the result follows trivially.

Let 9, = m — d, and 6, = n — d.. We may assume that 6, < p,d. < q.

If p = m or ¢ = n, the result follows from Theorem 4.1. Suppose then that
p < m and g < n. We analyze different cases.

Case 1: Let Ax + B be a regular pencil. Then §, = §. = 0, j = 0 and
rank (Az+ B)=m >p+q.

Subcase 1.1: If det A # 0, the result follows from Theorem 2.10.

Subcase 1.2: If det A = 0, we obtain the result by induction on m + n.

If m = n = 2 the result is trivial. Let m +n > 4.
If ky =1 then Ax + B is strictly equivalent to

0|A'x+ B
1 0 ’

12



and rank (A'x + B’) = rank (Az + B) —1 > p— 1+ ¢ — 1. By induction
hypothesis, the result follows.
If k; > 1 then Az + B is strictly equivalent to

0] Az+PB
1z 0 - 0 |’

and rank (A'z+B’) = rank (Az+B)—1 > p+¢—1. By induction hypothesis,
the result follows.

Case 2: Let Az + B be an arbitrary pencil. Assume it has column minimal
indices (u > 0). We also study different subcases.

Subcase 2.1: Let j.=0. Thenc; >m —porc +1>¢q—9., and j = j,. If
m = n = 2 the result is trivial. Let m +n > 4.

If ¢; = 1 then Ax + B is strictly equivalent to

0]0]|Az+ B
z|1] 0

Notice that, if we define p’ = p—1and ¢’ = ¢—1 then ¢/ = 6,.(A'z+ B’) = 6,,
8, = 0.(A'x+B') = b, je(Ax+B") =0 (ca+1 > q—1-06.), jr—Jjr(Az+B’) <
land j' = j(A'z + B') = j,(Ax + B"). We have that

rank (A'z+ B') =rank (Ae+B)—-1>p—-1—-06,+q—1—-96.— (jr—1) >
>p =6 +d -6 -7,
and the result follows by induction hypothesis.
If ¢; > 1 then Ax + B is strictly equivalent to

0] Az+B
1|z 0 -+ 0

As above, 6,(A'z+B') = 4, 0.(Az+B') = 0, jo(A'z+B') =0, (¢, > m—1—p
orci+1>qg—1-9.), and j. = j,. Then, j(A'z + B’) < j. Hence,

rank (A'z + B') =rank (Ax+B)—1>p—0,+q¢—1—0.—J.

By induction hypothesis, the result follows.

13



Subcase 2.2: Let j. > 0. Then Ax + B is strictly equivalent to

Az + B’ 0 0
0 0 AQ.CE + BQ 3
0 AlfL‘ + B1 0

where A;x+ By and Asx+ Bs have the smallest j. column and j, row minimal
indices, respectively. Take o = ¢; + ... +¢;, and 8 = r; + ... +rj.. Define
p, =pP—- (5 +jr)7q/ =q - (a +jc>' Observe that p, <m— (O‘ +5 +jr)a
¢ <n—(a+j.+0) and j.(A'z + B') = j.(A'z + B') = 0. Hence,

rank (A'z+ B') =rank (Az+B)—a—0>p—(8+74.) =0, +q— (a+J.)+ 0.,
and the result follows as a consequence of Subcase 2.1. m

Let us show the equivalence between the conditions obtained in [9] and
condition (11).

Lemma 5.2 Let Ax+ B be an arbitrary pencil. Let C' € FP*4, rank C = 0.
Then the following conditions are equivalent

(a)
al) dc Sm_p+n_q+jc;
a2) d.<m-—p+n—q+j.
(b)
b.1) rank (Ax+B) > p—0,+q—0.—j, where j is defined as in Theorem
3.1.
Proof: Notice that j = j.+j, (0 < rank (Az+B)—(c1+...+cj+ri+...475.)).

(b) — (a): Assume that (b) is satisfied. Condition (b.1) implies that
d. <d.+rank (Ax+B) —p+3d§, —q+ .+ j <

<d.+d.—v—p+m—d,—q+n—d.+jo+jr=m—p+n—q+j.— (v—7j.),

therefore,

Condition (a.2) can be obtained analogously.

(a) — (b): Assume that conditions (a) are satisfied. We see next that con-
dition (b.1) is true. We analyze different cases depending on the value of 4,
and 0,.

14



Case 1: . = q, 6, = p. It means that ¢ < n —d. and p < m — d,, and the
solution follows trivially.

Case 2: ). = q, 0, = m — d,. Then d. < n — ¢q. By definition of j,,
r+...+r, <n—qgandri+...+7r; +j <p—29,,
but
4. .+ +r,p>n—qorri+ ...+, 1+ i+ 1>p—0,.

The first condition may not happen for ry +... 4+ 1; 41 < d. <n —¢q. Hence
rA4...+r, +r;4 +Jjr+1>p—0, and

v—Jjr <dp— (ri4 ... 415+ + i) <m—p.
Notice that j. =0 for ¢; +... +¢j. +jo < ¢ — 0. = 0 and j = j,. Therefore,
p_(sr"‘q_(sc_j:p_m_'_dr_jrSrank (A.Z‘+B):dr—v,

if and only if v — j, < m — p, what is true, and condition (b.1) is satisfied.
Case 3: 0. =n —d., 6, = p. Is dual to case 2.
Case 4: 6. =n —d., 0, = m — d,. In this case m — d, < pand n —d. < q.
Observe that ¢; + ... +c¢j41 >m —porr + ...+ 1711 > n— g may not
happen, for if the first condition holds,

m-—p>d, >c+...+¢, >m—Dp,

what is a contradiction. The behavior is analogous if 1 +... 47 11 > n—gq.

Assume that ¢y +... + ¢,y +jc+1>q¢—6.=qg—n+d.and r + ... +
Tjr+1+jr+1>p_5r:p_m+dr- Then,

P—0r+q—0c— (Jr+Jo) <ri+...+r,11+a+...+¢j41 <rank (Ar+ B),

as desired. m
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6 The case Ax + B regular

In [3] the solution to the problem of the completion of an arbitrary pencil
to a regular one is given in terms of an existence condition and for infinite
fields. Recently, the authors learnt that the result obtained in [3] has been
proven in terms of explicit conditions and for algebraically closed fields [4].
Although the result applies in particular to Problem 1.1 when the pencil
Ax + B is regular, we provide here another solution in terms of very simple,
explicit conditions, and for algebraically closed fields.

We study first the case when Az + B is regular having only ¢ infinite
elementary divisors, in two steps: when p = ¢ = p, and without restriction.
Then, the general regular case. Notice that if Ax + B is regular, then d. =
d, = rank (Ar + B) = m. It must be remarked that the results of the
following Lemmas 6.1 to 6.4 hold for arbitrary fields.

Lemma 6.1 Let Ax+ B be a regular pencil having only t infinite elementary
divisors kv > ... > k; as Kronecker invariants. Let C € FP*4, rank C =
p > 1. Assume that

p=q=np (12)
p+qg<m+t. (13)
p+aqg<m+p, (14)

p<m—ty, (15)

being t, the amount of infinite elementary divisors of degree greater than 1.
Then Ax + B is strictly equivalent to

R

Proof: Denote by aq | ... | o, and 77 | ... | 75, the homogeneous invariant
factors of C' and Az + B, respectively. Notice that C' is a regular pencil. We
have seen above (Remark, page 10) that conditions (14) to (15) amount to
the interlacing conditions

Vi | &% | Yi+m—p+m—q; = L...,p.

Following [2], we are going to transform the pencil Az + B into another one
A’z + B’ without infinite elementary divisors; then applying S&-Thompson
Theorem (Theorem 2.7) the result follows.
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Let us consider the matrix X:

X:“H

Define a change of basis (notice that it can be performed in every field)
x| |10 x’
y] (1 1]y ]’
With respect to the new basis, Az + By = (A + B)z' + By'. Define
px(Az + By) = (A+ B)x' + By,
px(Cy) = Cx' + Cy/,
and for p(z,y) € Flz, 1],

mx(p(x,y)) = p(e’, 2" +y') = p(a’,y).

Define 4; = mx(v), ¢ = 1,...,m and & = 7x(a;), i = 1,...,p. By [2,

Lemma 7 to Lemma 10] 4 | ... | 4, are the homogeneous invariant factors
of px(Az+ B), a4 |...| @, those of px(Cy), and
;)//i | Q; | :Yl-&-m—p-i-m—qv 1=1,... y P-

Moreover, as det(A + B) # 0 the pencil px(Az + B) does not have infinite
elementary divisors. And as rank C' = p = p = ¢, px(Cy) either not. By
Theorem 2.7, the pencil px(Cy) can be completed up to px(Az + By). That

is, there exist constant matrices Y, Z, W such that

[pX(ZCy) %// ] = px(Az + By).

By [2, Lemma 6], the transformation px is invertible and (px)™' = px-1.

Then
| [ 1 0 x
v -1 1]y’
Performing the inverse transformation we have:

x(Cy) Y ¢ x-1(Y)
px-1(px(Az + By)) :le([ Y 7 ! W b - { px—lgéz) gx—l(W)

Taking y = 1 we obtain the desired result. m
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Lemma 6.2 Let Ax+ B be a regular pencil having only t infinite elementary
divisors kv < ... < k; as Kronecker invariants. Let C € FP*4, rank C =
p > 1. Assume that

ptqg<m+t. (16)
prqg=m+p, (17)
p<m—t. (18)

Then Ax + B is strictly equivalent to

C x
* x|
Proof: We may consider p < m, ¢ < m and p < p or p < q. Taking into

account Lemma 6.1, we may suppose that p < p.
If p = 1, the property follows from the Kronecker canonical form of

Ax + B.

Assume then that p > 2. Then p > 2 and ¢ > 2. We prove by induction
on the size of the pencil that the property is true for every m.

It is easy to see that the property is true for m = 3. Let m > 3.

If &y =1, then Az + B is strictly equivalent to

0|A'x+ B
1 0 '

As the following conditions are satisfied:
p—1+q—1<m-—-1+t—-1,
p—1+q—1<m-—-1+p—1,
p—1<m-—-1-t,(A'z+ B,

by induction hypothesis the result follows.

Assume that ky > 2. Then Ax + B is strictly equivalent to

0
A/$+ B
0
x
— 1 0 -
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We have that
p—14+qg<m-—-1+1,
p—14+qg<m-—-1+p.
If p<m-—1—t,(A'z+ B'), according to the induction hypothesis, the result
follows. Notice that it is so if k; = 2.
Assume that k&1 > 3 and p = m —t; = m — t. Taking into account

condition (16) we have that 2(m —t) < p+ ¢ < m + ¢, what implies that
m < 3t. But 3t < m, what is a contradiction. m

We will also need the following auxiliary result:
Lemma 6.3 Let Ar + B = (Ajx + By) ® (Aex + Bsy) be a pencil, where

Ajz + By € Flz|™>*™ has only infinite elementary divisors and Asx + By €
Flx]™2*"2 with rank Ay = ny. Then, for every matriz Y € Fmi>xn2

Al.’L' -+ Bl Y
0 AQ{Z’ + B2 ’

is strictly equivalent to Ax + B.

Proof: We may suppose that A;x + B is in Kronecker canonical form, and
I
w= o]

Assume first that A;z + By has only one infinite elementary divisor

1 0 0 ... 0
x 1 0 ... 0

Alx—i—Bl = O 1 ... 0 EleX(m1+1)_
_0 0 ... =z 1_

We aim to proof by induction for j = 1,...,m; that Ax + B is strictly
equivalent to a pencil of the form

Az + B 0 0
Z AT B Y|,
0 | 0 | Aoz + B,
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where Alz+ B € Flz]7 and A7 7o+ B € Flz]™ %"= are pencils
in Kronecker canonical form having j and m; — j as infinite elementary
divisors, respectively, as the only Kronecker invariants, Z; € Fmi=i)%J ig g
matrix of appropriate size of the form

0 0 «x

0 0 0
Z; = ,

0 .00

and Y; € [F(m=g)xmz

If j = 1, Alx + B{ has only one infinite elementary divisor k; = 1:
Ajz + B} = [ 1 ]. Through elementary operations on columns, Y can be
brought to zero.

Assume that the property is true for a certain j. We see next that it is
true for j + 1. A A

Notice that the structure of A7 7z + B{" ™ allows us to say that Az+ B
is strictly equivalent to

Alx + B] 0 0 T
0 ... 0z |1 0 yt
x .
0 . . y¥
0 | AT T e B : ’
) mi—jj
0 Y
i 0 [0 | 0 | Aoz + By |
where A7y + BT € Flz](m—i-Dx(m=i=1) hag only one infinite ele-
y'
y*
mentary divisor and Y; = _ . By elementary operations on columns,
ymi—jj

the component 1 in position (j + 1,7 + 1) allows us to make zero the first
row of matrix Y; bringing the components of the second row to polynomi-
als of degree at most one. That is, after the operations on columns Y is
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transformed into

i} . i
vY +yla
Yy
ym{—jj

Take . . ‘

; ; Alx+B] |0

AJ+1 BJ-H: 1 1
1 et 0 .. 0z 1]

and Z;;; equal to a matrix of the form of Z;, but with one more column and
one less row.

I . .
As As = { } , operating on rows the terms of degree 1 in second row of

0
Y; can be dropped in every component, resulting a constant matrix
R

~27
Y

i || 7

Vi S|
y™ —3jj

and we are done.
Form j = m; we obtain the desired result.

Assume now that A,z + Bj is a pencil in Kronecker canonical form having
ki1 < ... < k; as infinite elementary divisors. Then,

Alx + Bl = Dlag (Kla c. 7Kt)-

Then we can write

K Yy
Aix + B Y B . :
0 Asxr + By | K, Y, ’
0 | Ay + B
for some matrices Y7, ...Y;. Using the first part of this proof, we may reduce
successively to zero the blocks Y;, j = 1,...,1 obtaining the desired result.

The following results are also true.
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Corollary 6.4 Let Ax + B = (Ajxz + By) @ (Asx + Bs) be a pencil, with
Asx + By € Flz|™*"2 ) rank Ay = ny. Assume that one of the following
conditions is satisfied

a) The pencil Ajx + By € F[z]™*™ has only column minimal indices.

b) The pencil Ayx + By € Flx]™>*™  ny = my, is reqular.
Then, for every matrix' Y € Fmxn2

Alx + Bl Y
0 AQI + B2 ’

1s strictly equivalent to Ax + B.

Proof:

a) Following step by step the proof of Lemma 6.3 and changing only the
blocks in Kronecker canonical form corresponding to the infinite elementary
divisors by blocks corresponding to column minimal indices, the result fol-
lows.

b) Combining appropriately the result of Lemma 6.3 and part (a) of this
corollary, the result follows. m

Next theorem gives a solution to Problem 1.1 for regular pencils, when
the underlying field is algebraically closed. To prove it we will use Theorem
3.1, Lemmas 6.2 and 6.3 and Theorem 2.10.

Theorem 6.5 Let Ax + B be a reqular pencil in Kronecker canonical form
and Az + B = (A1x+ By) @ (Asx + Bsy), where all of the elementary divisors
of Ayx + By € Flz|™>*™ are infinite and those of Asx 4+ By € Flz]™2*™2 qre
finite. Let C € FP*1 rank C' = p. Then Ax + B 1is strictly equivalent to a

pencil of the form
C x*
x|

if and only iof

p+q<m-+t, (19)
ptg<m+op, (20)
p < m — max{i,t}. (21)

Proof: The necessity of conditions (19) and (20) is a consequence of con-
ditions (4) and (5) of Theorem 3.1, respectively. Condition (21) comes from
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the definition of j: Notice that j = 0 and p < rank (Az + B) — max{i, ¢, }.

Let us prove the sufficiency.

If p =0, the result follows from Theorem 5.1. Assume then that p > 1.

Our aim is to show that for ¢ = 1,2 there exist a matrix C; € FPi*% of
rank p;, p1 +p2 =P, @1 + @2 = q, p1 + p2 < p, such that A;x + B; is strictly
equivalent to a pencil having C; as a subpencil. Once it is achieved, we will
show that the matrix Diag (C7, Cs) can be completed up to a matrix of rank

p equivalent to C' of the form
C, X
0 Oy |-
Because of Lemma 6.3, the problem will be then solved.
Define (notice that my +p —p1 — ¢ > 0)
p1 = min{p, m1},

g2 = min{q, ma — pa},
p2 = min{p, ps, g2, M2 — i, M1 +p — p1 — 1 }
p1 = min{p — pa2,p1,q1,m1 — t1 }.
Put po = p —p; and ¢; = ¢ — 2. Then, it is immediate that

0<pi,q1 <mq, 0<pa,qo <My,

0 <pr <min{py,q:}, 0 < py <min{ps, g}

(Observe that ¢; < my if and only if ¢ + p < m + p;, what is immediate if

p1 = p and also true because of (19) if p; = my).

To achieve the goal, according to Lemma 6.2 and Theorem 2.10, it is

sufficient to prove that
P+ @ <my+t

p1+q <mq+ p1,
p1 < my —ty,
P2 + @2 < Mo,

p2 < Mg — 1.
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Notice that under the above definitions, conditions (24) and (26) are
satisfied. It is easy to see that p; +¢1 = p1 +q¢ — ¢ < mq + t is satisfied,
what is condition (22).

Concerning condition (23): It is true if p; = p1, p1 = q1 or p1 = p — pa.
If p1 = my — t; the property is satisfied as a consequence of condition (22) if
we realize that t < m; — t;.

Taking into account conditions (23) to (24) and Lemma 6.2, there exist
a matrix Cy € FPr*% of rank p; such that A;x + By is strictly equivalent to
a pencil having C; as a submatrix.

Notice that pa+qo < pa+mao—ps what is condition (25). Then, conditions
(25), (26) and Theorem 2.10 guaranty that there exists a constant submatrix
Cy € FP2*% of rank p, which is a subpencil of Asx + Bs.

0 Cy
FP*? of rank p, equivalent to C'. We analyze different cases according to the
values of p; and py. It is enough to check that

Let us see that Diag (Cy, Cy) can be completed to a matrix { G X } €

p1+ p2 +min{p; — p1, g2 — p2} = min{ps + p1, p1 + @2} > p.

We have that ps + p1 > p for po = p and py = po. For the remaining
cases of po, notice that if p; = p, then py + p > p. Hence, assume that
p1 = my. Then, if py = qo, po +p1 =g +m1 > q > p. If po = my — i, then
prtpr=mo—i+m=m—i>m-—102>p, and if po =mi+p—p1 — q,
then ps +p1r =m1 —q +p > p.

On the other hand, p1 +q > pif py = p—po or p1 = 1. If p1 = py,
we have already seen that p; + ¢ > p. If py = my — ¢y, then p; + g2 > pif
@=q fg=my—py, thenpy+q=m —ti+mo—p>m—1—py >p
ifpo=0 (p1 =p). lfpp =my, thenmy —t1+ma—p+my >t+m—p>p
from condition (19).

Therefore, Ax + B is strictly equivalent to a pencil having a constant
matrix p x q of rank p as a submatrix, as desired. m

7 The case Arx + B has only nonzero column
minimal indices.

In this section we solve the case where the pencil Ax + B has only nonzero
column minimal indices. Notice that now d, = m = rank (Az+ B) = rank A
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and d. = m + u. Observe that the following Lemma 7.1 and Theorem 7.2
hold for arbitrary fields.

Lemma 7.1 Let Ax + B € F™*" be a pencil in Kronecker canonical form
having only nonzero column minimal indices ¢; < ... < ¢,. Let C € FP*9,
rank C'= p > 1. Assume that

prqg=mn, (27)

ptg<m+p. (28)
Then Ax + B is strictly equivalent to a pencil of the form

C x
x ok |
Proof: 'We may suppose that p < m, ¢ < n. We prove the result by
induction on m.

If m =2, then p = 1 and the result follows from the Kronecker canonical
form. Assume that m > 2.
If ¢, = 1, then Az + B is strictly equivalent to

0]0|Az+ B
z|1] 0 ’

where A’z + B’ has © — 1 column minimal indices. Observe that
p—14+qg—1<n-2,

p—14+qg—1<m—-1+p—1.
By induction hypothesis, the result follows.
Let ¢; > 2. Then Ax + B is strictly equivalent to

0] Az+B
x| 10 ... 0 |’

where A’z + B’ has u column minimal indices.
If p < p, we have that
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p—1l+g<m—1+p,
and the result follows by induction hypothesis.
If p=p < q, then
p+q—1<n-—1,
ptqg—1<m-—1+p,

and the result follows by induction hypothesis.
Let p =p =¢q. Then Ax + B is strictly equivalent to

010 Alx+ B
1 0
110 z 0 ... 0

p—14+q¢q—1<m—-2+4+p—1,
the result follows by induction hypothesis. m
Now we obtain the desired characterization.
Theorem 7.2 Let Ax + B € F™*" be a pencil in Kronecker canonical form

having only nonzero column minimal indices ¢c; < ... < ¢,. Let C € FP*9,
rank C'= p. Then Az + B is strictly equivalent to a pencil of the form

2]

p+q<n, (29)
p+qg<m+p+j, (30)

if and only if

where j is defined as in Theorem 3.1.

Proof : The necessity is a consequence of Theorem 3.2. Notice that if the
pencil has only column minimal indices, by definition of j., p < m — (¢; +
...4¢j,), then p <rank (Ar+ B) —(c1+...+¢;,) and j = j.. In particular,
the condition on the rank imposed by the definition of 7 does not imply
additional restrictions.
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Let us proof the sufficiency. From condition (29) ¢ < n. We may assume
that p < m. If p = 0, the result comes from Theorem 5.1. Suppose also that
p > 0.

If j. = 0, the sufficiency follows by Lemma 7.1.
Let j. > 0. The pencil Az + B is strictly equivalent to

Az + B’ 0
O A//x+B// Y

where A"z + B” has ¢, ..., ¢;j, as column minimal indices. Let o = ¢1+...+
¢j,. By definition of j., p <m —a, p < q— (a+ j.) and j.(Az + B') = 0.
Notice that

p+q_(a+jc) Sn_<a+jc)>

p+q—(a+j.) <m—a+p.

By Lemma 7.1, A’z+ B’ is strictly equivalent to a pencil having a px (g—a+j.)
matrix C of rank p as a submatrix. Then, the pencil Az + B is strictly
equivalent to

* ‘ Ol 0

x| % 0

00 A'z+DB"

and the result follows. m

8 The case Ar + B has homogeneous invari-
ant factors and nonzero column minimal in-
dices.

For a pencil Ax + B € F™*™ without row minimal indices, j < j.. Remind
that p < rank (Az+ B) —max{i,t;} — (c1 +...+¢;). We assume that d. = n
and d, = m, hence n = m + u, m = rank (Azx + B) and ¢, = 6. = 0.

Theorem 8.1 Let Ax + B € F"™*™ be a pencil in Kronecker canonical form
having only homogeneous invariant factors and nonzero column minimal in-
dices ¢ < ... < ¢,. Let C € FP*1 rank C = p. Then Ax + B is strictly
equivalent to a pencil of the form

2]

27



if and only iof
p+qg<n-+t, (31)

p+a<m+p+j, (32)
where j is defined as in Theorem 3.1.
Proof: The necessity is a consequence of Theorem 3.2. Let us proof the
sufficiency. We may assume that p < m, p > 0.
Let m > 2. The pencil Ax + B is strictly equivalent to a pencil

A1I+Bl ‘ 0
0 ‘AQZC—FBQ ’

where Ajxz + By € F[z]™™ | ny = my + u contains the column minimal
indices of Az + B and Asyx + By € Flz|™2*™2 its regular part, m; +mg = m,
ny +meo =n.

(a) Assume first that j. = 0. As in Theorem 6.5, we aim to find C; € Fri*%
of rank p; for e = 1,2, p1+p2=p, @1 +q = q, p1+ p2 < p, such that
A;x + B; is strictly equivalent to a pencil having C; as a subpencil. Once it
is achieved, we will show that the matrix Diag (Cy, Cs) can be completed up
to a matrix of rank p equivalent to C' of the form

. X
0 Cy |’
Because of Corollary 6.4, the problem will be then solved.

To achieve the first goal, according to Lemma 7.1 and Theorem 6.5 it is
sufficient to prove that

Ptq <, (33)
P11+ q < my+pr. (34)
D2+ g2 < Mo+, (35)
D2+ q2 < My + pa, (36)

p2 < my — max{i, t; }. (37)

Put | = max{i,?,}. Define
b1 = min{p7 my,n — q}7 b2 =Dp—P1.
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It is clear that 0 < p; < my and py > 0. If p; = p or p; = my then py < Mmy;
if p1 = n— ¢, then due to condition (31), ps =p—n+q <n+t—n =1t < ms.
Therefore 0 < py < my. We analyze different cases according to the value of
Pi1-

Let p1 = p, then p, = 0. Let

G2 = min{Q7 mz}#h =4q— (2.

It is immediate that 0 < go < my and 0 < ¢ < n;y.
If go = ¢, the result follows after Corollary 6.4.

Suppose that g = may. Let p; = min{p,¢;}. Then p; < p; and is well
defined.

Observe that p1 +¢; = p+qg—ms < ny and p; +¢ < my+p;. By Lemma
7.1, Aix + By is strictly equivalent to a pencil having a p x ¢; submatrix C
of rank p; as a subpencil.

It is easy to see that p; + min{p — p1, ma} > p, and the result follows.

Let p; = my. Notice that m — p = my — py and ¢ < n — my. Define
¢2 = min{q,ma,m —p+t}, ¢1 = q — .

p1=q1, p2 =min{p — p1,p2,ma — l}.
Observe that 0 < go < my and ¢; > 0. Notice that ¢; < u. It follows that
0 <q <nyand ¢ < p;. Finally, ¢1 < p: It is true if ¢o = ¢q; if go = my then,
due to condition (32), g—my < m+p—p—mos=p—py < p. lf gy =m—p-+t
then g —m+p—t <m+p—m—1t < p. Therefore, they are well defined.
We show next that they satisfy conditions (33) to (37).

It is so for conditions (34) and (37). Observe that p; +¢1 < my +u = ny,
what is condition (33). We have that py+ g2 < pa+mg —py+t and condition
(35) is also satisfied.

Let us see that py + g2 < mo + po: It is true if py = po. If po = p — p1,
then py + qo < may + p — ¢ if and only if p + ¢ < m + p, what is condition
(32).

It is immediate to see that p; + p2 + min{p; — p1,q2 — p2} = min{p; +
p2,q2 + p1} > p. And the result follows.
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Let p;1 = n—q. We assume that n —q¢ < my. Then n—m; =ms+u < q.
The following values are well defined.

q2 = M2,q1 = 4 — Q2.
P2 = P2, P1 = min{p - Pz;%}.

Notice that po =po=p—n+q < p.

It is easy to see that p; + ¢ = nq1, p2 + g2 = my + p2 and that conditions
(34), (35) and (37) are satisfied.

It only remains to be proven that p; + ps + min{p; — p1,q2 — p2} =
min{ps + p1, p1 + ¢2} > p. But po +p1 = po+p1 > p. Finally, p1 + ¢ > p
if pr =q1 and if py = p— po, p1 + @2 = p — p2 + g2 > p. The result is then
satisfied.

(b) Assume that j. > 0. The pencil Az + B is strictly equivalent to

Alx+ B ‘ 0
0 ‘ A”:L’ T B )
where A”z+B" has ¢y, . . ., ¢; as column minimal indices. Let o = ¢;+. . .+¢;.

By definition of j. and j, p <m—a, p < ¢—(a+j.), j. = je(A1x+ By) =0,
J =j(Aiz+ By) =0 and p < m — a — max{1,t; }. Notice that

ptqg—(a+j)<m—(a+j)+u,

p+tqg—(a+j)<m—a+p.
By the result of part (a) A’z + B’ is strictly equivalent to

*Cl
* x|’

where C; € FP<(a=2+3) rank C; = p. Then, Az + B is strictly equivalent to
4 0

x| % 0

00 |Ax+ B

Notice that the top right submatrix [ Cy 0 } is the desired one. The result
follows. m
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9 The general case.

Let F be an algebraically closed field. In this section we prove the result
when Az + B is an arbitrary pencil. We study first some particular cases.

Lemma 9.1 Let Ax + B € F™*". Let C € FP*9 rank C' = p. Assume that
Jje=7r=0,d.=mn,d. =m. Assume that p=p =q. If

2p <m+n—rank A, (38)

p < rank (Ax + B) — max{i, t, }, (39)
then Ax + B is strictly equivalent to a pencil of the form

C x
R
Proof. The pencil Az + B can be written as (Ajx + By) @ (Asx + Bs), where
my 4+ mg =m, nq +ny =n, Ajz + By € F[z]™*™ has only column minimal
indices and Asx + By € Flz|™*" has homogeneous invariant factors and
row minimal indices. We aim to proceed as in Theorem 8.1. In this case
it is enough to find pq, po such that taking p; = ¢ = p1,p2 = g2 = p2, the
conditions of Lemma 7.1 and Theorem 8.1 are satisfied.

Define n
: 1
P1 = mln{p? [7]77’”1})
. mo +1
P2 = mln{p — P1, [27]7n2 - l}7
with [ = max{i,?;}. They are well defined and satisfy the desired conditions
2p1 <y, (40)
200 < mog + L. (41)
Notice that as
p2 < rank (Asx + Bs) — max{i,t;}, (42)

j' = j(Asz + By = 0. Tt only remains to prove that
p1 + p2 + min{my — p1,ne — p2} > p.

Let us see that m; + py > p:
It is soif po = p — p1, for my — p1 + p > p.
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If po = [mQTH] = szth’ then m, +m27+t > p if and only if 2m; +mg +t > 2p,

what is true because of condition (38), for 2m; +mq +t > m+t+u > 2p.

If py = %H, then m1+%t_1 > pifand only if m +¢t+m; — 1 > 2p,

what from condition (38) is true but in the case that my + u + mg +t = 2p.

As mgy +tis odd, my; + u must be odd. Then m1+2“+1 + mQZt_l = p. Observe

that %““ < m, for u < mq, hence m; + mQJ;t_l > m1+2“+1 + mQJgt_l =p

and the property is true.

If po = ny —1, then my +ny —1 > rank (Az+ B) —1 > p from condition (39).
On the other hand, p; + ny > p: It is so if p; = p.

If py =[] = % then % +ny > p if and only if ny + 2ny > 2p, what is true

from condition (38), for ny +2ny =n+ny >n+t+v > 2p.

If p = "1;1 then it must happen that n; — 1+ 2n, =n+ny —1 > 2p. If

it is not the case, ny — 1+ 2ny < 2p. Thent+v—1+n <2p <t+v+n,

what implies that 2p = ny + no + t + v, from where ns + ¢ + v must be odd

and no — 1 > v +1t. Therefore, ny —1+2no=n+ns—1>n+t+v>2p

as desired.

If py = my, then my +ny > n —u —max{i,t,} > p. =

Lemma 9.2 Let Ax + B € F™".  Assume that d. = n, d, = m. Let
C eFP*e rank C = p. If

rank A<m—p+n—q, (43)
rank (Ar + B) > p+q—p. (44)
p < rank (Ax + B) — max{i, 1}, (45)

then Ax + B is strictly equivalent to a pencil of the form

C =
* ok |
Proof: We may suppose that p < ¢, p < m,qg <n, u >0 (if u = 0, the

result comes after Theorem 8.1) and p > 0.

We are going to prove its sufficiency by induction, analyzing different
cases:

Case 1: ¢; = 1. In this case Ax + B is strictly equivalent to

0/0|Az+B
x‘l‘ 0

32



The following conditions are satisfied:
rank A—1<m—-1—(p—1)+n—-2—(¢—1),
p—1<rank (Az + B) — 1 — max{i,t;} = rank (A'z + B') — max{i, ¢},
rank (Ax+B)—1>p—14q¢—1—(p—1).
By induction hypothesis, the result follows.
Case 2: ¢; > 1. Then Ax + B is strictly equivalent to

0] Az+B
1|z 0 0

The following conditions are satisfied:
rank A—1<m—-1—-p+n—1—(¢—1),

rank (A'x + B") =rank (Ax+ B)—1>p+q¢—1—p.
If p <rank (Axr+ B)—1—max{i,t;} = rank (A'r+ B’) —max{i, ¢, } fulfills,
the result follows by induction hypothesis.

Otherwise, p = rank (Az+ B)—max{i,t;}. Denote by w = rank (Az+B)
and [ = max{i,?; }. Let us analyze this case. From condition (43) we obtain
2p=2w—-0)<p+gq<m+n—-rank A=w+v+w+u—(w-—1t),

hence
w<2l+u+v+t. (46)
We then have that

2ut+v+t+h+i<w<20+utv+t

that is u + t; + ¢ < 2l. As a consequence, if i = t; the former inequality
turns into u < 0, what is a contradiction. Therefore, ¢ = ¢; may not occur if
w=p—L.

Assume that ¢ # t;. Let us see what happens to the equality p = w — [
when detached one row and one column from the pencil. We analyze the
possible different types of blocks in the Kronecker canonical form of Az + B
that can be involved.
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a) Assume that there exists an infinite elementary divisor of degree one.
Then

Ar+ B & lo A,“B,}

1 0

The following conditions are satisfied
rank A—1<m-1—-(p—1)+n—-1—(¢—1),
p—1<rank (Ax 4+ B) — 1 — max{i, t; },
rank (Az+B)—1>p—14+q¢—1—(p—1),
and the result follows by induction hypothesis.

b) Assume that there exists an infinite elementary divisor of degree two.
Then

010 Az+ DB
Az+BX |01 0
1 ‘ x 0
If | =t > i, then p <w—1— (I —1) and the result follows by induction

hypothesis.
If | = ¢ > t;, then Az + B has finite invariant factors, situation which
analyzed below.

c¢) Assume that Ax + B has a finite invariant factor of degree 1, x — a. Then

0 ‘A’x—i—B’

st

Then if | =i > t; we have that p < w —1— (I —1) and the induction applies.
If [ =t > i, then ¢t; > 0. The result follows from (a).

d) Assume that all of the nontrivial finite invariant factors have degrees
greater than 1 and all of the infinite elementary divisors have degrees greater
than 2 (k1 > 3). Then from (46) we have that

utv+t+2H+ 2 <w<204+u+v-+t.

If ] =4 > ty, then u + 2¢t; < 0, which is impossible. If [ = t; > 4, then
u + 2¢ < 0, which is also impossible.
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e) Assume that there are no homogeneous invariant factors. Then from (46)
we have that
2u+v<u+w,

what may not happen. m

Next theorem shows the result to Problem 1.1 for the general case.
Theorem 9.3 Let Av+ B € F™*". Let C' € FP*?, rank C' = p. Then there
exists a pencil strictly equivalent to Ax + B containing C as a subpencil if

and only if
rank A < d, — (p—90,) +d. — (¢ — 0.), (47)

rank (Ax+ B) >p—0,+q— 0. —p—7J, (48)

where j is defined as in Theorem 3.1.

Proof. The necessity comes from Theorem 3.2. We proof the sufficiency.

Remind that §, = min{q — p,n — d.}, §, = min{p — p,m — d,}. By
definition of j,

p <rank (Azr + B) —max{i,t1} — (d; + ... + d;),

the integers {dy, ..., d;.+;, } being an increasing reordering of {cy,...,¢;,,71,,. ..

5071, -, 15, Take
a=ci+...+¢ and f=r1+...+7r;. Then Az + B is strictly equivalent
to

Let j., j» be such that dy, . .. ,d; are the values of ¢y, ..., ¢

Ax+ B |0 0 0
0 0 0 0
0 0 0 Ay +B" |
0 0| A"z + B" 0
where A"z + B" € F&<(@+ie) and A"z + B" € FG+in*B have ¢y, . . . , 5, and
T1,...,75 as column and row minimal indices respectively, the second block

column corresponds to the n — d. zero columns of the whole pencil, the
second block row to the m — d, zero rows, and A’z + B’ € F™*" with
m =d, — (@43 +7), n =d.— (& +j.+ 3). Hence, d, = d(A'z + B') =
de— (G +f+7j.)=n"and d. =d,(Az+B)=d, — (a+ 3+ ) =m'

Put ' =p— (B+Jj,+6,), ¢ =q— (&+ jo+0.). By definition of j, and
3T it is easy to see that p < p’ < m' and p < ¢ < n'. From condition (47) we
have that

rank A’ < d. —p +d.—q. (49)
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Let us calculate j' = j(A'x + B’). As
m' —p' <m-p-a,

¢ —p=q—(a+j.+0)—p.
if j/ = jo(Ax + B') then 0 < j. < j., and the column minimal indices it

A A , .
involves are among c; 4, ..., ¢j,. Inthe same way, 0 < j, = j.(A r+B ) < Jr
and the choice of the row minimal indices is analogous. Let di,...,dj
an increasing reordering of ¢;_.,..., Cogjtr TGt o TGt Noticing that

rank (A'z 4+ B') = rank (Az + B) — (& + (), it results that
§ =max{k € {0,1,...,5.+5.} : p <rank (Az+B)~1—(di+...+dy)} = 0.
From condition (48), we obtain

rank (A'z + B") > p' + ¢ — p. (50)

Taking into account conditions (49) and (50) and applying the former Theo-
rem, there exists a submatrix C, rank C = p, such that A’z + B’ is strictly
equivalent to a pencil containing C; as a subpencil. Then, Ax + B is strictly
equivalent to a matrix of the form

Ol * 0 0

x % 0 0

0 O 0 A'r + B”

0 0|A"z+DB" 0
Observe that the whole pencil contains a p X ¢ matrix C' of rank p, as desired.
|
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