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Skills, Concepts and Models in a Linear Algebra Course

Abstract

We present an approach to the organization of a Linear Algebra Course for   an engineering degree based on the balance between three pillars: Concepts, Models and Skills. Algorithmic skills is what the students are more familiar with. Concepts is what we mathematicians are used to work in our fundamental research. Models is what drives concepts and needs algorithms to solve, so can be regarded both as a motivator, and as the main objective we want the future engineer to learn in the end. We want them to be able to look at a problem, create a mathematical model for it, conceptualize and analyze the model, and finally to find and interpret the possible solutions.

Instituto Superior Técnico (IST) is the main Engineering school in Portugal. It has around 10000 undergraduate students and 2000 graduate students, in around 21 Majors in Engineering and related topics. The Linear Algebra course is a first semester, first year undergraduate course for all students except Architecture. Students came  with a background on one variable calculus and  basic geometry. In high school in Portugal, mathematics training emphasis is on algorithmic skills, with no stress on the difference between postulates and deducted results in Mathematics. The students are given “facts” and learn to use them to calculate things. Even this is not well done. With an excessive reliance on calculators, students actually forget simple algebra rules, like distributive property and fraction simplification.

The Linear Algebra traditional approach in IST has until today been focused on teaching concepts, axioms and propositions, with their proofs. On the other hand, students are assessed mainly by  exercise resolutions with algorithms (e.g. finding eigenvalues and eigenvectors, calculating determinants, orthogonalizing basis) with usually only less than 25% of the assessment grade coming from concepts. The result is that the students do not learn the concepts, and thus can only apply the algorithms if they have seen a similar problem solved before, and so know the “recipe”. 

As pointed out by Schoenfeld (1998), if before the seventies and eighties the main focus was on the knowledge  base - facts, procedures and conceptual understanding, now in order to be successful, a mathematics program must  include problem solving strategies, metacognition, beliefs, and mathematical practices. In this context, the authors believe that  besides the concepts and algorithms, is very important to introduce another pillar, namely models . Mathematics in its history was always inspired by the real world and its properties. Many results in Mathematics were obtained  while trying to solve a real world problem, its concepts derived from abstracting regularities found in nature. Models serve as a motivator for both the concepts (the student can see that the concept is useful because it can represent and abstract some existing entity/relation in nature) and the algorithms (we are not just calculating abstract quantities, they are possible solutions to a problem). In short, models create the “intellectual” need for both the concepts and procedures.

Linear Algebra is an ideal field for this exercise, because the invention of the computer increased the importance of Linear Algebra as an engineering tool vis a vis Calculus. Unfortunately, at IST as at other leading Engineering schools around the world, too much importance is still given to Calculus  (Strang, 2002). 

We, for instance, introduce in our Linear Algebra Course stochastic matrices as simple models for  different phenomena, like migrations, voter turnouts, weather prediction, and Leontief production models. For this propose we highly recommend students to read the corresponding sections in books of Linear Algebra with applications by Anton & Rorres (2005) and Lay (2003). The students understand the power of Mathematics, because they can see that one mathematical concept, for instance eigenvalues and eigenvectors of a given stochastic matrix can represent various phenomena, and that learning to solve the abstract problem will allow them to understand and make predictions on all those phenomena. All assessments include at least one phenomenon for the students to model and/or a model for them to analyze, find solutions and interpret.

Interestingly, the students initial reaction tends to be negative. They are used to compartmentalize knowledge, and are not expecting to have to talk about population growth in a Linear Algebra class. But along the course, they get used to the need of applying concepts and procedures to given models. They get training in analyzing real world problems using Mathematics. They evolve in their ways of understanding and thinking (Harel, 2007) of mathematical solutions as having  more than just algebraic meaning, which is one of the most important objectives a mathematics course should give them.
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